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^ , * Teacher* s. Commentary 

. * . * * ' TOREWORS ' ■ 

Here^lre s6me comments and a course outl'ine from -the Ad]panced Placement 

■N ^ * \ - ^ » 

£JaXculJiS/. Syllabaa- of • the College Entrance Examination Board. , 

This course is intended for students vho have a thoroligh kno\7- 
ledge of ijollege preparatory mathematics, including algebra, axio-' ' . 
matic geometry, trigonometry, and analytic geometry (rectangular and 
polar coprdtnates [Al], equations and graphs, lines, and c<5nics) . It 
does not assume that they have acquired sound under s'tanSing of the ^ 
theory of elemei^tary functions. The development of this understand- • 
*^iQg';^§is first priority, ' ^ • , ^ 

A c;burse ±n elementary funct.ions and introductory calculus can 
be arranged in many vays,/^and the"* arrangement suggested^ in the 
'following courses . outline/for Calculus AB is not intended to be pre-, 
scriptive. * [The locpticxi of a topic in the SMSG text is indicated 
inside brackets, where fc refers to Chapter and A to Appendix. ] • 
In this version the special functions are first studied in som^ 
detail with the aid of calculus, whicfh is introduced intuitively, 
^ and later [C8] the general techniques of calculus are developed and 
applied to a wide cla^s of 'functions • ^ ^ ^ - 

X. Polynomial Functions . , ^ ^ 

, ' <a. Definition of polynomial functions; function notation 

b. Algebra of polynomials (degree, division algorithm, remain-. 
5er theorem, factor theorem, existence and number of roots, 

'^cation of rati,onal roots, approximation, of irrational 
^ roots) [C1,A2] • ^ j- . * 

c. Derivative (slc^e of Ihe tangent line) [C2,U,6,8] ' - 

d. Applfcatiorts of derivatives * 

* *(l) Graphs (increasing and dec^reasing functions, r^^ive ''^ 
maxibun^ and minimum 'points, conca'vity, an^ points of 
inflection) [C2,i^,6,8] * ^ • . 

Extreme value problems [£!2,J|,6,8] ' . ^ • / 

^ "^(3) * Veloqity and acceleration of a particle moying a'lorig 
^ - a line [C2] 1 ^ , * . 

-V y^-g-^ - Aritiderlvativel ^^'^ \ , '"^^i ' i ^ '-v^ ') "1 n n -f 1 n "i ~- 

(1) Distance and velocity from' acceleration with initial^ 
conditions [C7,9] r ; 

s X • I • (n) . ; 

(2) Polynomials as solutions of ' = 0 (nth derivative ] 



^ identically zero) [C9] 
Sine 9nd Cosine Functions 
a. Definition^ fundamental identities, addition formulas [C3] 

Graphs .and periodici-^y o'f A sin (bx* + c) and 

- * A cos (bx + c) [C3] 

* ' <\ *» 

c. Derivatives of sinix' and cos x- [C^*] , I 



^ d. Derivatives of .sin (bx + c) and '^c6s*(hx +"c) [ch] 
* f • • ' ^**e'.. Linear approximation, of ' sitt'x near x=a Ick] 

• ' . f/ Pqlynonfial approximatiorJfe of sin x and cos x [CkV 

. ^V* Antideriyatives [C7^9] . , " . 

' ^ h.^ 'Solutions* of y^*= -k^yj simple harmonic motion* [C9] 

^ 3i Exponential and Logarithmic 'Functions ^ - - • - ' 

' a% The function^ a^ 'and log^ x ([foF^a > 0, a 1, andf 
' • ' X >0); properties, graphs; their inverse relationship LC5J 

^ b\ The nunfber e such that • lin (l + J^)^ = e and ^ 
. ' ^ ; c/ -The dei-ivatives of the 'exponent ia-1 funcliions e and Ae 



[C6] and of the logarithmic function In x (i.e. ,^ log- e^) ^ ^ • 
-^"d".' S61uWs-pf = liy and of -y« = cx"^; applications to ' ' ^ 

growth and decay [CT^gl ^ , . _J J 

e. Polynomial approximations of e^ . and'^ ln(l +.x)-[(?7,9^ ^. , 
li. ,^rea, Average Value; -and t)ie Definite Integral ^ \ ^ 

^a.'< Concepts of area and average (mean) ordiiiate [Cl] ' , , 

b. Approximations; by inscribed and circdmscriDea rectangles ^ ^ , 
and by trapezoids [CTl ^ . , ' ' ^ 

c. The definite' integral;, defipition and properties [C?] 

d. The 'fi^da mental theorem J C7] 

'e'' Calculation of an^afe and average "values for polynomial^ 

sine/ cosine rati^ expon^ntial functions the .fundamental 
theoren\^^CT]' . * ^ '^^ '/ * ' 

-5^. Calculus of More ^Gteneral^Functions ^ / " . • 

. * a,' The function concept; algebra of functi6ns :\ ^u^, prodi^^t, 
. * quptient,. composite, inverse [Al,c8] ' ^ 

^ b: LiMts of 'functions; statement of .properties ^6] 4 ^ . ' 

c. Continuity [AT] > ^ - ^ * ^ V ' 

d. -^dfinition of the derivative [C2,8] ^ 



' [ ^ e. D^ivati^e of sum, /product, Quotient (incWng tan^x) [€8] ' 

Tl'VV'^f' ll-..:^!^^ %\£^J^UYe^of a- cbtipbsllie- jfunbtion (c^iafn- !r"aieyic81 ' ' . V * ^ 
' ; ' .-g.-' Derivative of an implicit liy defined function; logarithmic 

. r -* differentiation [C8] ' - 

\ ' ^ \ ^,,h; .Derivatiye offe rational j^bwer of a functiVDn [(5)^81 • '1 . /i. 

i Derivati^ve of the inverse [of a' function (incauding; arc ' ^ 

^1* ' « sin X and' arc'tan x) [c8]. ■* ' , • . 

' ^ j. Integration 'by substitution lC9J . * ' / 



'*See Teacher's Commentary for Section 

,ERjc.. ;. ■ .V ; ,:„• \ ■ ^ . 



J ' ' k* Rollers theorem; mean valufe theorem [c8] ♦ 

• i. AppllTcations of the derivative * * ^ . \ . ' ^ 

• (l)^iope of a curye [C2,U,'«',8V , • * ^' y; 

(2) Average o^p^ instantaneous rates' of .'change' [C2,U,6,8]» 

' ■ -,-*( 3") Maximunratfd minimum valuep, -both ^relative and . , ' 

* ' absolute [C2,li,6,ai 

(k) Bie^ussion^and sketching of Qurves (incl\jding s^ch 

* * / 'functions as* e"^ sin x and |f (x) j). [c6^8] 

* *. * * ^5) Related rates**of change [C8] - ' / , 

BTt ApplicatiOQ^'of the integral" 
\ , - • (1), Average (mean) value'*' of a functioji on an iYiteryal [p^] , 

(2) Areas between curves [C?] 

(3) , Volumes of -simple solids of revolution [C9] ' ^ ' 
^ (Ij) Use of inte^ation and ~inequali1;ies. to get* polynomial* '» 

approxiinatiofls to' sin x, cos^x, e" ; ln(l + i) [C9l- 
(5) Interpretation of In x -as jirea' under' the grdph of 
. ' y. =• x'^ [•C7,9l ■ * • ' ' ' ■ • '■ 

' We have attempted to- write the .text — not'i*or the mathemat^^n looking 

over our' shoulder — but for the student sitting before us. 
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/ • , Teacher^s Commenliary / ^ ^ * 

' * . * * ^ Chapter 1 , ^ 

^' ' * POLYNOMIAL FUNCTIONS ' 

• , We have intentionally avoided a general discussl6n of functions in favor 
"of;:^~Tnor^ concrete beginning with. polynomial functions.^ 

Since the conce^ of a function is basic in the study "Df palculus, t>he ; 
student should have a clear understanding of the cqncept as, well -as relat'ed 
;nat.teHP5 such as functional notation, bperations on funptions (e.g., composir 
tlon and invereion). We shal!), consider these matters as we discuss special 
classes of functions such as polynomial functipns, rational funeti*5n.s, the 
' circular- (trigonometric) functions, exponentiqil and logarithmic functions, etc. 

.• • • . - - 

We have intentionally not given a formal definition of function. The pre^ 
cise definition of function can be^ formulated in many ways:- as a sdt of ordered 
pairs (usually, ordered pairs of numbers), as an association or correspondence 
between two sets, etc. But no^matter vhat definition we choose for a function,' 
thrdfe' things ar^ required: a s'et called it^ domain, a seft called its range, 
and a way of ''selecting a member -of t'ije range for each membe'r of the domdfirf. 



For Example, we could defitie a furtptioB as an ^.ssociat j.on between elements^ 
of two sets. / r . ' * \ ' *^ ^ 

If with^each element of a set A there is associated' exactly • , 
one element of a set B,' then' this a'ssoci^tion is called'a 
• ' function from A to B. The* set A is called the domain of 
^ the 'function, and the set C of all meml^rs^of B assignjed * 
toifliembers of ^A by the^ function ,is callej3 .the yange o^ the 
function. , / ' -^^ - ■* ' 

In this text w^"^4:iall be mostly concerned with functions whoge dqm^ii'Yis 

•arej sublets pf real, numbers, a.nd whose nangee are also ^ubsefts ^of^x^j|y number 

>Iore complicated^ functions (like "vectbu'vaWd iunct^ons") ,ma:y be buUt from 
^ ^ . . ,y 

these. * , ' . » / 

• , -f- . 

The rapg'e C may be the whole, siet B, in^ which case t.Jie function is- • 
-called a»n onto function Or j.t*may be a proper subset of ^B. * In any ca'se, w^^ 
generally take for B the whole set of ?eals, because a functi5n is usually 
specified before its ratige is considered. ^ ^ . - ^ • 



rs . 



*We^follow tile common practice of representing a function by the letter 
f ..(other 'letters such as , g', h, 0, etc./ will also be used). If x- is^ 
an'element of the* domain of a function f, then fixY denptes the element " / 
of'the^range vhich f 8[ss6ciates with (R^ad for f(x) ' "the value of the 

functioo\ f -at x", br simply "f, at 'V', or "f of x.") An arrow is^ 
used .to suggest the agsociatton'^of * f(x) w'itlT^ x* . * j * '' . - '^ 



f x^-> f^(x) 



(read "f take^ x into f(x)"). 'This notation teXl^ us^noth4ng about the 
■ function f or th^ element x; it is mererly a symbolic description of the 
relation between x' and ^ f (x) . , • 

As mentioned earlier, a function is not pompletely ^efineci unj^ eg^ the 



St 



^ dpmain is specified: If no other information is given, it is a convenient 
* practice,' especially when dealing with *a i'unction defined by >q, formula, to 
assume that the domain includes all real numbers for which formula des- 
cribes a real number. For example,;>if ^ a domain is not specified for the func-^ 

f tion f : X -^^5 , then the domain is assumed tb be the" set Of all real • 

x% 9 * ' ' ^ * . ' 
numbers except ^ 3 ^ and -3- Similarly, ii ^ g is a,»funct^n such that 

g(x) = * A " - x^y we assume,- in the Absence of any otihef informatioji, that the 

Lve ; 

same 



domain is the set of all real' numbers * x "from -2 to 2 c^tnclusive; > 

While we have n*ot troubled the ^tudent with thl^, w% riote here that two 
functions f * and g .are identical if ' and only if they have^the s?rae Qomain 
'and f(;c)*= g(x) for each x. in their domain. * • , 



^* Ue believe that the graph of a function is perhaps* its most intu>itively 
ii^luminating representation since it vponveys im^oi^ant vinfdrmatiqn about the 
function at a' glance. We invite you to tell us where more graphs would be 

helpful. . ' ■\ ' , » * 

,. ' » • • 

We assume, that the student knows that not every curve is the^ graph of a 
function,. ^ In .particular, our (^ef initioh bf fur^ctl'oa require?, tl^at^ funcrtl^on ^ ^ 
. mdp each element pf its domairv.onto only one element of its range. In terms ^ t 
of points of a gra^, this means* that the, graph 9f a functjion does not contaiii ^ 
the poirits (x^,y[) and (x^^y^) if ' i .e. , twcj points* having the 

same abscissa but > different ordinate^. Th^s is the basis !f or th^ "vertical line * 

.test": if ip the xy-plane we imagine all po§&ible lines. whjich are parallel to 
the j-axis, and if any of these lines cuts the gr^ph in more than one point, 
Chen th0 graph' represents a relation which is not a functi-orf. Conversely, i^ . 
every i-ine. parallel to the y-a*xis Intersects a graph -in at most one point, 

•then the graph is that ^f a fuhctiorf. . ' , * < ' . * , 



2 



ERIC - . • ; • '^^ • * '■ ./ 



Throughout this discussion we have used the letters x and y to repre- 
sent elements of sets, -Sp^ecif ically, if f is the functipn 



then X represents an element (unspecified) in the domai^ of f, and y 
represents the .corresponding element, in the range of f . In many textboolcs 
•3C and y are called variables . and .since' a particular value of * y In tfie 
range depends iCpon a pa'rtlicular choice' of , x in the domain, x is xialledi 
the independent li^iabl^ '^nd y i^he dependent variable > 'The functional rela-* 
tionship is then described by saying that "y is a function of x." While • 
this language is not frequently used in this text, we introduce it in Examples 
1-la and b since it Xs not uncommon, and should be understood by the student. 



If we avoid a general discussion of functions in the text, we also avoid 
\i general discy^ssion of ^lynomials (in favor of' our c.oncrete beginning vith 
polynomial functions.) ^We mention properties of polynomials along the way as 
they relate to pur central discussion o^ the behavior (and in Chapter ^ the 
calculus) of polynomial functions, ' ^ ^ ^ 

It is ccmmofe pi^actice to use the word "pQlyuomial" when One means "poly- 
nomial function/'^ Usually when we say ^po^lynomial we mean a matl^matical 
Expression in a particular form". For a lEnatheraatical phrase to be a polynomial 
it tou&t satisfy* two conditions: 

(a\\ it must, be formed from members of a particular set (initially in 
^th'is te>^ the set consisting of the real numbers and variables)^; 
(b) it must be formed using no indicated operations o-^her 'than addition, 
Sfcifetraction, or< 'multiplication, . . _ • 

For your convenience we list a- few phrases vhich are polynoMals and, some 
^exam^les** which are not polynomials. • ^ \ - 



r ^"^^ — ^ 

^Some Polynomials • . 


Some Iforipolynomialtf- 


(1) 


„■ - ■ . 

t ^ — *■ 


(6). 


i/x - .07 -■- . . 


' ■ (&): ' 


'• (u - y3)(u + -ff) " . 


: * 1 


1 (3) 


• V 1^ x^' - nxy + "77 ' ~ 


:(8) 


X - 2 




• • * 98- . ■ 


(9) 


- /(u , hf' : •■> 


• (5) 




do") 


(x + 2)(x2 + 1) 


3 ■ I* 
'•■V^-v^ ° : — 
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[ .J As is the Qase vith the set of integers the ^ set of polynomials is closed, 
under actdition, subtraction, and multiplication, but not under' division. *We ' 

''obs'erve' that ^in (p) the rational numbers | 'and' | are .multiplied by other 
expressions and no division is involved. We say that (5) is a polynomial 

•over the rationals or reals, vhile (3) is a polynomial over the Teals. We 

^sWll agree t6 re£er. tQ^eipress ions such as (7); (8T and (lO) 9 s rational^ 
expressions (suggested bjr the analogy^ vith rational numbers). Even* though 
C]jff is* the same as, the poly;nomial x + 2 ' ove^ the reals and (8) Is not, 

'division i§ Indicated in each.case (in viola'tlon of ^condition '(b) of our 
polynomial form requirements) ..S , * ' 

. ' , . . A. •■ 

Of interest to us are polynomials of the form x 

\ " ^ . . % 'n-1 . n : * 
a. + a. X + a^x + . . » + a _ x + a x . 
0 12 n-1 ~ n \ - 

\ 

" i • ^ / . ^ , ^ 

where a%, a,, a , are ^real numbers, a ^0, and* n ts a non-negative 

dnteger. 'We arjp especially concei^ned vith functions defined by such poly- 
nomials.* While ve introduce *polynomial functions "'in Section f-1, ve do^not 
discuss the number n as the degree of the polynomial or palynopiia\ funct'ion 
until 'Section 1-3 . The degree t;ould be included in the definit^ipn pf poly- 
nomial function ifryoxi vish. A polynomial funct ion of degree n, vhere ri ^ 

is a positive integet* or. zero, is an asso'ciation ' ^ . 

^ . . ^ ^ . ' • f 

- / , f : X a X + aj ,x " + . . . + a;x + a • > a/ ^ 0 ' 
^ n . . n n-1 .1 0'- ^ 

" C . . ^ ' , * ^ * ' <^ ' 

vhere^the doraaiTi is the 'set R of all real numbers, and the range 1b the -sei' 

Xor a subset) of -real numbers * 

^' ' . y = f(x), X € * . 

WhileHhe coefficients a. *(i'= P, 1, ti) in general stand -for any 

r^al niirabers, in our examples and exercises they jwill usually r^pres^nt integers 
THh^ student should ui^derstanc^ that ve could, extend the domain and range of poly- 
nomial functi^ns and the coefficients of .f(x) to the complex number' system. 

J^^ We call attention to ^ the ^act, that the degree of a polynomial function is^ 
uniquely defined. That is, if for all real a given polynomial function ^ca.a' 
be -expressed as • ' - , ' , 

/ ' ' ' ' j_ . ' ' • ^ ' ' ' ' ' ' 

■ ■ . " . I ■ ^ • _ . ; .' - ^ -/^ ■ 

i and al&o as . * • ^ ^ , . : ^ 



then n mu^t" equal' m, and the corresponding* 'co.efficients must also be equal, 



a 



= (i = 0, 1, 2, n). 



We'^ao-not prove, this , ^ut %iev state i-t^or^the sake of completeness heto^e the 
end of the chaptej^ , * • 

If the degree of a polynomial function is 0, then the function is 

' 'f : X ^a^, .a^' ^ 0, i ^ ' ' 

a constant function. In the text we find it useful to consider the special 
constant function f : x ^0 as a polynomial function, with f(x) called 
the zero polynonjial. The 2?ero polynomial ha^no degrep and is not a poly- 
noraial of degree zero. We summarize: 

* ' ' I ' 

\^ ^ ^ f : -X ^a^, a^ 0», is a polynomial function-pf degree 0; 

f : X 0 is j;he 0 polynomial, to which we*assign no 'degree. 

In this chapter we hope to give the student (what may be Xor^im) a first 
introduction * to the graphs .of polynomial functions of degree greater than 2, 
and,* incidentally, to fteinforce the technique of synthetic substitution. 
Plotting a large ^number of points is i^ot a very efficient way to obtain the 
grapli Of a polynomial function but. "we believe tliat it is a helpfu^ first 
step leading ultimately to proficiency in sk^txihing graphs ^by means of inter- 
cepts, rtiaximura and mihin^urilpoints, and points of inflection,r to be developed 
in Chapter ^. * , ' ' v ^ ' » M 

The continuity of polynomial functions is assumed,, but w^e f?el that 
teachers should recognize the importance of this concept and be able to ^ 
satisfy students qn ^n intuitive level that the gr^ph of a polynomial function 
•cfontains no holes or breaks. The simple b,ut tedious expe'dient of evaluating 
f(x) for any suggested. real number x = c^^^^nd also for values of x ^near 
c, should convince studenftff of the reajsonableness of the assump'tion . * 



. Solutions Exer.cises 1-1 



■ ■ "l. ' , • 

(a) 381* ^ : 

i ' '\ - ^ • •. . ; w 

(c) 381* ft.' •• ' _ . - 

(d) 38i» ft. . ' ' 

(e) The ansvers are the same After k seconds the pellet ^ea9hes a 

^ height ofg 38h feet on the, way up. Afjter 6 seconds, on the vaj^ 
down/ the pellet again reaches a height of 38^ feet. 

(f) seconds 

(g) 5 seconds " 

(h) 1»0(J .feet 

(a) No^ _ ' 

(b) parabolic ■ ' ; ~ 



(c) y = 25c-| 



.^"^ (d) •' a parabQla t . 
• (e) -'^ ' 




(f) y"= 0 'when x ^ 

(g) t = Ii wheft X =*128 

(h) after h secoflds * 
U) 128 feet'' , \ ' 



ERIC 



1 



* 6 



15 



Solutions Exercises 1*2 



^ '(a) 2 ♦ ' / ' ' 

. (b) miVto* 
'V-^J are 'the siame. 



-2. 



(a) 



g(t) (in ft. /sec). 




- v^.-'-^. ^-K^K^ s^^,^^^ 
g^t) (in ft./sec.^) . 

I 

g* : V.-*'32 



j ^ 



3( 



(b). g« : t - 



-32; 



or: — ^ 



sec. 



t ^ . 



5 . 
'-(•sec.) 



(d) They^ should be the same: 



sec. 



V 



(e)/ The rat ioJli^ eet per second per 8econd*\is usually dissociated with * 
accel^a^^ In this case 32 ft,/sec,^ f^?^^^ 

due to^^force of gravity at sea- level. In 't>ii8 learly examp:|»e we 

• * « ■ 1 J 

neglect the negative "sign with its c?onnotatiph qf^ gownward pull. 

Similarly we te^orarily postpone the notion . o^ rn^gatlve velocity" 

or the distinctiort^of speed as the' absolufe VaXuP of velocity. , \ 

lince the veloci-^Jv ft./sec« is dlrectl^ poiT>or|i|)Ll to the time t 
ec, we jcan write v = mt, where m' is the coRst^nt of proportionality. ^ 
If V = 1*8 when t = |, we get m = 32; conseqi^eptp we^obtain the . 

\\\\\ 



1 

'linefifr funption g : t v = 32t. At impact when ;t 
therefore, the j|mpadt 'velocity is^ ^ ft./feec^^ 



v = g(|)' 



"W ' . 

ii 



■.' .16 



' (b) -3 



■ 



(c) =•-! . • 




(d) =2 


f *■ 


(fe), = 2 




,(a) .slope = 3 

• > ■* >■ . 

(b)' slope = -2 


■> *, 

J 


(c) slope = - 2 




(d)' slope = ^ 




(a) " f : X -> 72x 


+ 6 


(b) f : X -> -2x 




(c) f : X ->r2x 


+ 7 


, (d) f : X -> •^2x 


+ 13 


(a) slope = 




(b) slope = 6 


• 


' (c)^ sIq^ - "2- 
(a)- -slope =. -2'^ 


. ? 


(a) 'X -^3x - 2. 




(b) X -> -2x, - 10 


*(c) 1^0 function 




(d) x->U 






9. The graph bf f is a line vith slope 3* 'He^ce the slope of .g ' is the ' 
: . nymber ^, - so jbhat g(x) = 3x +-'b, for some/las yet tlnknovn b. Since 
' ^ ^ g{-2) = 1^ tbf^^"im^Mes that .1 =.5{-2) + h j .and thus ^ 

IgSVv:''^ ' >g : -x 3x + ?. * ' • / 

g^ic/:v; 1 10. ' .(aj x -> -3x + 



()))■ x^ -3x-- 3 

(c) - X -» -3x + 8 

(d) , x^^,*-3x + 13 



\ - 8 





: 11. (a) .f(a) =5 ■ ■ ' • ■ ' 

\ . > ' >) f(3) = -3 

7'(c) 'f(3) = ^ . ' c. " 

*12». Yes- 'The slop^ of* the lijae through P and Q is -2 and the slope 
* - of the line through P andQ§^ is, -2. ' lines '^thr^^^hjihe* same 

' V . point with the same slopV coincide. ' (Distance arguments caulcf'also be 

T used.)' ' , , * , - 

1 - i i ' ' ' ' ' * ' 



e 





f( 100.1) 


= 26.14 


(b) 




25 = k.2 + 25 ="29.2 


(c) 


f(l01.7) 


= HQ.Q ■ 




f(99.7) 


= 20.8 




^(53. 3) 


= -_l4l4(.3) +' 25 = 11.8 
•J 


(b) 


f(53.8) 


= -10.2 


.. (c) 




= :36.6 - 


«fr (d) 


f{52.6) 


= 142.6 ■ ■ *- 



15^ 



{2x + 7y + 1 
X -i2y + 8 

I 



= 0 

= a 



X - 3y. + ^ = 0^ 
s;i,ope.„,. ' -.= 3 - 



2x + 7y + 1 = 0 
2x - l4y + l6 = 0 

■ - lly = 15 



■y = jx + b 

12 _ If 58' 
11 " 3^' 11 



= b 



X = - 



J.1 



103- 
33 

^ 3 33 ;^ 

i ' " ^ • 
llx -., 3iy ^+- 103 = o 




"l6. The sfopes of the Tines AB and/ ,CD j a>e' | and the slopes of the 



^ . • since'. tie opposite sides are parallel 



lines AD and BC are 
(have' the same .slope), ABCD is a parallelogram 
17. • (a) ' 0(14,8) ■ 
(b) 0(5,-11) 



, ERIC 



9 . - 

18 



\6. fix -42p/'r 1 

f (t + y} = ^(t^+ 1) - 1 = 2t + 1 



J . 



d?Herefore, P(t t 1, 2t + l) is on the graph of "f. '5^ 



19> 



w 20. ' -JtO 



•1 



t 


- 1 = 


0, t 




f(t 


- 1) = 


f(o) 


t 


- 1 


8, t 


= 9; 


f(t 


- 1)" 


f(8) 


t 




f(t - 


1) = 


f(o) 


= i2. 


1 = 


t 


•= 9, 


f(t - 


1) = 


f(8) 


= 9^. 


1 = 



'"21.* We have f(x. ) = mx. + b, f{it^) = mx^ + b. 



, Thus, f(xj^) - f(x2) = mx^ + b'- (mx^ + b) 



m(x^ r x^) . 



Since m < 0 and x^ < x^ or x^ - x^ < 0, 



we -get .m{x^' - x^) > 0. 
Therefore, f(x^) - f{x^) > 0 or f(x^) >_f{x2). 



22. \x = 



23. -i 



^ i X, ^b^ 



25. f(2x) f - llx 



i 



ERIC 



1 



10 • 

1^ 



5 " 



. * Most of Exerciaea 1-3 are intended as review and .need not be assigned. 
If a*8tudent\enQ0unters diffic\ii.ty with the calcvaus of quadratics in Chapter 
2, some of t^gse^^problems (don^ b/^iliar algebraic techniques)' might serve 
.as plausibility tests for new concepts and methods.. ' 

r i. (a;) * constant • ^ . ' ^ • 

(l))^ 'lir^ear ' ' ^ , - \ , \ - 

' ^ (c) /linear . ' ' . , . ^ \ ' . 

' f ^ (a) / quadratic: j ) 
- (e) quadratic 
* (fj qua'dratic ^ 

•2. (a) 160 ft. /sec* 
, (b) 320>t7sec* ' 

(b)>^00 ft. \ 



i 



f V*; 




The 
the 
(|P 



points fp,q) and (-p,q) .are the same distance (|q| , units) from 
X-axis and on the same side, of It j they are the same distance . • 
I units) '^rom the Y-axis and on ofpbsite sides of it. 



11 

20 



7.. (a) 512 ftJ. , ' ; , . ■ 

(b) 576'ft. • • 

(c) 576 ft, (In fact the Time-Life Building is 587 ft, highland a 
47th story window is about 576 ft. above the ground.) 

(d> 4('if)-= 320 

(e) 326 ft. . / _ ' • 



''-1 
(fl 



t^6 
(&) 6* seconds 

8. (a\ k60 ft. * 

ii) \5 seconds 

9-- (a) a = -16, c = iQk 
(b) 7 seconds - 

*10. {0,c) 
upward 
lowest 

* parabola , ^ 

^Y-axis . ^ ^7 

-above ' \ ' ' ^ > 

11. (a) 8 seconds^ .V i^i ' Tr , 
^(b) 10k6 feet . . ♦ , 

12. 64d,ft. • ^ . 

• (b) 6J» • . ^ « ' ' ^ ^ 

^ (c) ii8 ft. 0 ft. * . . * 



4' V 



-1- ari^' ^ - or 



15- 



(a) - ^ stecQnds i 
; (b), kQft. for both 

( <r) aft?er k seconds ' % 

(d) ^fter 2 * seconds ♦ , e 
' (e) 6k feet , • ^ " 

'in oui» idealized 'pl^oblem (No, I5) we say -"close to the edge" and |'rieaMy ^ 
vertical path'^ to allow' tlie ball to- miss the top "of the building in its , ' ^ 
",ve^^.cal!' descent all the way to. the ground.^. Similarly> when we* launch a' 
j^ojectile verticially from a pla'bform '^e sl^ii asisXime that the platform^. ' ^ 
collapses on take-off, allowing the projectile Vo dpsceY\d all the' way to" the^ ' 
ground. ^ - . r^- • . , \ 

It should be emphasized that while we picture the motion^ function as a ^ 
* ^rabola, we think of the physical motion of the projectile itself as^ vertical 
-Accordingly, we repeat the ihrases ."straight up" and ''styalTght down*'* - 

X6. , (a) For u = l*,"v = w' ^ (b) For u =.0>-y'= w v 

For' h or n > h, v > v For u V 0, v < w 

For' ,u <0, V > w 




\ i 




(a) parabola • 

(b) upjiard 

(c) X =r 0 ^' 
' (d) (0,0) 
*(e) minimum 1 


parabola 
upward 
. ~ • x'= 3 ■■ 
- ' (3,0) • 
minimtim * ^ 



RIC 



» < 



13 



22 



' 20^ (a) ap 



(b) . We havk - ^ ' * 

a((p + h) - h).^ + li = a(p + h - h)^ + k 



= ap + k- 
From part (a) ve know that ap. = q.* 



Therefore,- g(p"+ h) = q,+ k. ' 
(c) + k * • ^ t 

. We summarize importapt properties'or the grfiph'of a(x -h) +-k,, 

2 * ' 

• . (l) The graph is congruent to the graph of ax , but has a position 

X ' . 2 \ 

" (a) - [h| units . to the /right or ^efv6f: the graph of x -> ax ' ^ 

^ ' ' according as- h > ot 0; ' ' 

* ^ and f- * * . , 

ft ' 2 • 

(b) |k[ units uy.or down from the graph of x ax depending on 

, whettier k >''0 or ^< 0. * ' ^ " 

(2) The graph is symmetric with respect, to the line whdse equation is 
; X 3 'h, -and this line is cabled the' axis of the pa^'abola. ^' ' 

'(3) point (h^k) is an extremum ^)6int. If a >'0, the g3;apK opens 

- ' ut)ward and (h^k) is the minimumV<?in^> ijF-a^-k'X) ^the graph opens^ 
downward and X^>^ is the. maximum point. In either' case, the .point 
(h,k) is the ^ertex of the parabola. 



21., 



vertex 


equation of' axis 


..(3,i^) 


• • 3 , 




X = 3 


(-3,or- 


X = -3 




• X = 1 i 


(-1>2) 


X ='-1 


(2,.3V ■ 


X = 2 



J 



22. .(a) (3,U) is 'a mir?imum 
(b) (3,*^') is* a maximum 
-(c) (-3,0) is a. minimum' . • 



^d) (l,-l) • is a maximum , 

(e) (-1,2) is a minimu 

(f) (a, -3) is a- minimu 



23. (a) V >^^* for all values of u • 

(b) V > w for all values of u \ 



1^ • (y:^ u V 0 ^when v > 



u = 0 when v s v 
u > 0 ' when v < w 

ia) y =.(x - 3)^ 

" (b)' y = 2(x - 3)^ « 

.-..c . (c) y .= 2(x!- ;■ 

' ' ' * • ^ 

''(d) y =-2^xi - 3)iill* 



• 


if) 


> = T^X - 3)^ ' 










(g) 


y ^ -2(x - 3)2 + U \ 




(h). 


y = -2(x - 3)"=^ + U _ 




' (i) 


3)^ 






.y = (x .- 1) • ■ 




.(k)_ 


y = ,- - 1)2 ■ 


1* 1* 




.y.-|(x,.l)2\-^ \ ^ 






y = <x + _ . ' 




^>!Tn)- 


y = 3(x +1.)^^' - 


(■ti - 

It. 


(0) 


y = 3(x + 1)2 + 2 


h 


, (P) 


' y => (x - 2)2 ,■ . , 




(q) 


y.= j(x - 2)2 ^ 






y =i{x .2)2 • 




: (sj 





- 1 



If'- 



f ERIC • . 



2 



0, ' 


then vfi 


have 


2* b 


£ 
a 


the 


left we 


add 


X + 


^2a^ 


c 

Z a* 



Jhus^, we can write 



^ 2. 
2 b ./bN2_ c bf^ 

Ua^ 



bv2 • sb - Uac 



2 

For b i«tc > 0, we Rave 



^nd oonclud? th§it 



b _ A- .-^^ - ^ac 



^ ".^a "* 2a^ ' 



xs or. X, 



' -b t v{F- l^ac 



1^ r '^2 ^ 29 



. \ ■ • • 



Solutions Exercises 1-4 



f(2) = -20, f(h) = -nk 













^1 

2 


" 0 


(e) s(0) - 


-12,-^ 






5 










, (g) G(^) = 


lOOS 


O ' 
d. • 


\ 

V - 7 > 
K - J 




3. 


k = 0 • 




k. 


W (i) 


2 ' ' 




(ii) 


-9 


» 


(iii) 


0 




(iv) 


20 









^2^ ^ 2' " 2 ^3' 



2 

X 2X-' 9x + 20 




(c) The graph of part (b) is J;he graph of Figure 
.to the, right. , ' * ^ - 



l-4b shifted one unit 



1 " 



27 



■- r 




MS^^^n5>.=: .(41 (i) 



(m) 



tec: ■ 




3x - 12x- 



'.s 



(c) The graph of part (b) is the 'graph of Figure -i-i^ shifted one unit 
to the left. • ... ' ► 

Shoulcf a student discover a pattern in Nos. \ and 5> he could be 
encoxiraged to search f6r reasons to Support ai^ tentative hypothesis 
(and promised full explanation in subsequent sections of <^he text). 




This is the grapA ofc.Eigiu?e , 
1-^b invert ed.y.itr intersects 



f : X --♦, 256-' - 3x - 12;c 
This is the graph of Figure lAh 
moved down 13 units. • 




I' 



1 "1' 2 • 

12 • ^(a) The maximum is not at x = ^ ^ rather .at ^ = ^ ^ ~ 3 ^ 



^2' - "15. ^ 
fact a-lQcarl minic^u^ 




.13. The following table suggests that the maximum value of f . occurs when 



X 


-2 


'-1 


0 


1 


f(x) 


-2520 


39 


, 39 





Actu&lly f(- ^) =.-39 is a relative (local) minimum • The (glofc'al) 
maximum valjme of .the^ function is f(-l) = f(o) = 39« 



(a) ' 3x^ +'.10x + 10 



Solutions S^rcises 1-^ 



(b) + 2 ' 

^(c) -2x^ - 3x^' - 9x - 21 
(d) 2r - 2x 

Quoj^ient • 
M + 6x + 5 \ ^ 

Cb) x^ + ^ - 2 

^ ' 2 
.(c) X + 2x - 1 

q(x) is of degree n - ra. 
r(x) is Q>f degree les^ than 

(a) x^- 2 and x j are linear* fac-t|)rs. 

(b) X - 3 ,is a li^^ar factor j | 

(a) ' 



.5 ^ 

.-73 . 
p 

femairyier 



m. y 



X 


-5 


-2 


-1 


0 


1 


2 


IT 


f(x) 


0 


0 


-I* 


-6 


0 

—i 


-20 

' — 





(b) f(x) = (x + 3)(x + 2)(x - l)i 



2 
2 
2 
2 
2 



1 

-3 
-1 

1 

3 
5 
2 



-5 


2 




1 


0 


-2 




e 


-1 


-5 


2 


0 


-2 


0 


1 


5 


12 
0 


2 
• 1 
I 


f(x) 


X 


l8 - k 







f(x) = 2x^ + x^'- 5x + 2 
= 2(x + 2)(x - l)(x 
= -(x + 2)(x - l)(2x 



If f(x) is exactly divisible by x - 3, then f(3)::= 0. 

Mbstitution (direct /or synthetic), f(3) =3^+6. Hence, 
and k = -2. . ^ . ' 

Siirce fi-l) - -2a - U = 0, a = -lipce f(l) = -8. 



2h 

33 



^tl (a) TKe quotient ia x + 2x^ - 3x - + I** ■ 



1- 



I 



(b) g(l) = 0 



(«) a = 1, p = It, r = '^■ 



|- • ^ (d) A = 1, B = 1, c = -5, D = -1, e'= 8, F = 

g; -"'U. (arg(x)-= + 2x + 1, f(2) = 2 

. . (b) p(x) = X + g(2) = p ' \ \ ■'- 

|V • (c) 'q(x) =1, p(2) = 6 ■ . V, • 

• ' (d) q(2) = 3. P . ■ ' ' ^ 



I: • • 



■{e) -We -have 













= (x - 


2)g(x) 


+ fi2),- 


g(x) 


= (x - 


2)p(x) 


+ g(2), 


P(x) 


= (x - 


2)q(x) 


+ P(2), 


q(x) 


= q(2) 







ml , ' • * "TJherefore, 



f(x) = (x - 2)[(x - 2)p(x) + g('2)} +.-f(2) . ■ 
|r, . ^ . _= (x - 2) j(x - 2^x - 2)-q(x) + p(2)] + ■g(2.)f + f<2) 

|-- , = (x - 2)jCx'- 2)[(x - 2)q(2fr+ P(2)]"+ g(2)( + f(2) 



(f) From part (e) we have 



I- ' •, ^ f(x) = q(2)(x - 2)3 + p(2)U - 2f + £(2)(x - 2) + f(2). 
>■ Substituting from parts (a) through ("d) we get 

• "■ ' ^ f(x) = (l)(x- 2)3 V (6)(x -jf + 9(x - 2) ,+ 2.' 

/ ^ Therefore, A = 1, B = 6, C = 9, and D = 2. 

R'. ■ * • ^ 

5^ ^ ♦ ' . 

Sy * - . ■ 

v ■ ■ - • , / 

■ . ■ ■ ■ ' . - " V. 

II:'' ' " • ' ' ~. ■ - - 



25 



! 



(h) 




While thiJj^problem tests some*of the^ideas of Section 1-5 and 
previous sections, it is also intended to begin, to develop^ , 
techniques and suggest 4.nterpretations which will be discussed 



in Chapter 2. 
t 

1 
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-1 < X < 0; 1 <-x -^- ^l 
■ ■ (b) 0 <x <,1 " ' . " 



Mir ^^-^5' 

IS*:,/-' . . 



-^z Solutions Exercises 

2 < X < 3 



l/-6 



1 <^x < 2 ' 

-2 < X < -1; and two zeros such that 0 < x < J. 
-1 <lrc < 0; ' 1 < X < 2; and 2 < x < 3 

2 < X <. 3 ♦ . 



■(4) 
.(e) 

(f) 

(g) -2 <.x < -1; < X < 1; 1 < x i:^2; and 5 < x < 6 
f(x) = x^' - 2x^ + 3x - k ' ' /' /' '^"^^K. . . 

.For ^fc- and 2 - k to be different in sign, we must have' 
' 0 < k < 2, -since, if k < 0, both , -k > 0 and 2 - k > p. 
^( • If ^ki>.2, ' bUh -k <^0 -an^ar 2' - k ^ 0. 

Another "way to see this is to graph = -k and = 2 - K 



A value of k for .which y^ and y " are both positive or both 
negative must be rejected. ^But when one y is above the k-axis, . 
and, the other^ife belov, we have a p^sible 'k-value . (See figure.) • 
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■ ^ .;u • "^-i- "-7— ^ 

■' 'T' ■ " * ■ • " • 

■ ■» ,. (b) The quptient-ls 2x - l^x + it. Both (a) and (b) can be done 
, simuitanepup^y-by-rsynthetic substitution (division). * 

fe/A . x, = ^1 t t, vhere i = fl/ . ' 



(d) Only once. — ^ ^ 




(e) One < ' 




if) - 1 , 1 + i, 1 -n 




(a) (i). -2 cx'^ -1,, X = 0> l<x<2' , 




(ii) -it <'x < -3, X '= -2, -1 < X < 0 




■(b) • x(x^ - ^0 x(x + v^(x' - ^' 




(c) (i) 0, ^ ■ - ' 
^ (ii) -2 - ^, -I, -2 + >/3 ' ^ 


1. 


• (x +' 2)(x - l)(x - ^) = .- 2x^ - 5x^+ 6 = 0- 


• 



5. ^ 

j6. (a) 2. It is th^ negative o{ the coefficient of ^in Number 5* 

(b) . -5. ^'it is ^he same as -the Coefficient of x in Number 5. 

(c) -6. It is the negative of the constant term in Number 
* . 

... • ■ , • . 

^^.'v. (c) -3- - • 

'• (4 x^ - Ix^ - .^x + 3 = 0. ■ 



* X - X + :5 = - . , « 

) (x + 2)U r|)(x -'3) ? x3 - I x^ - ^ X + 3 = 



I?':' ■■ - (e) (x + 2)U - -|)(x - 3) ? x^ - I x^ - -J X + 3 = Oi' , 



^-8. (a) (x - rj^)(x -f2)(x -r^) 

- fr^ + ^^-J^2)x? + (r^rg + r^r^ + r2r2)x , r^r^r^ = 0 ^ 



= x3 
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^2 * ''I'S " "2^3% 



9^ Any/- 3rd-degree polynomial function with zeros -1, 1, and k is 



ft' : ' 



i Ptom this, f('0) = ka . Since f/o) = 12, it follows that l+a i 12 



10. 



and a^ = 3- Hence, the require^ function is 



. I MaximuiS Niimb^r of Real Roo,ts 



5^ 
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Solutions Exercises 1^7 



I. 

\" 


1." 


(-a) 


1 




< 




- 1 > 0, 2 
2 ' ' 












12. 


(a) 


1, 2, -3 




♦ 


(b) 


0, 1,^,^ 3 










/ 




(b) 


0 




r 


(a) 


-1, 1 , 1 


i • 






-\, 0, ^ , 1 


* 


✓ • 


1 
" 2 


1 1 

' 2 ' 3 












6. 


it » 


1 + 1 - 1^ * 




» 






( • 


Ho rational afros . \ ' 












8. 




-1, 2, 3 '.^ 




9. 


-2, 


2 (E^ch of these if 




10. 


-1, 


\M, 3 




11.' 


-3,^ 


-2, -1, 1, 2 




12- 


-3, 


1 , 2 + 2 - ,/3 


i' 


13." 


X + 


1 ^ -2 

- = n <=>> X * nx + 

X 




quaaratlc is- n - \. If in| < 2, n <\ and n - 1^ < 0, which 
means tl\tft*the rQOts are imaginary- 



Solutions Exercises 1-8. 



f(0.-3) - -0.073 
f{q.h) = 0.26H 



en 0.3 ^ < 



Thus if f{x^) ==.p .then 0.3 - v/.^. ^ 

. ^a) f(0.3l) - -O.OUO ^ - * 

^ f(0.35) = 0.093 ^ i 
'Thus 'if f{x^) ^ then O.3I < 

' (b) f(0.33>=^ 0.026 ' . 

■ ' ^ f(0.32) « -0.007 j * 

Was if f(x^) = 0 /4hen 0.32 < < 0.33- 
/ f( 0^-325')' - 0.010 

Thus 0.32i§.< Xq < 6.325 and x^ ^ 0.32 
to the nearest 0*01. 

= 13 . ... " ^ ' 

Thus if fix^) = 0 then 3 < < U. 

f(3.5) ^ if . 125 ^ 

TJius 3 < < 3.5. I ^ ' . ' 

^ Thus 3.0 <Xq< 3.25 and x^ s 3.6 tc the nearest ^ 0-5 « 



V. Locating^ the ^ zeros of 


f r'x 


3 ^2 
^x-^- 2x 


+ x - 3- 




1 -2 


1 " 


^ 

-3 






1 -2 


1 


-3 • 


0 




1 - -1 


0 


- -3 


1 




1 0 


. r 


-1 






- 1 1 * 




+9 ' 










f(x) 




' ,-(a) f(2.5) = ^.625 




* 






Thus if ^(Xq) = 


0 then 2.0 < X- 


< 2-.5... 




^f(2.25) = 0.516 









Lower Bound ^ 



/ 

Upper Bound 



Thus* 2.0 < < 2^5 and Xq » ?.0 to'the nearest 0.5. 
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?Z ^ (b)-.f(2.125>,»- .0.311 . . , - 

Thus 2.125 < < 2.25 dnd iif 2.2 to the nearest 0.1. 

f 5. Locating zei»os of f : x x*^ + ,x - 3. n>. 





•> 


1 


0 


1 


-3 






0 


' 




1 


0 . 


1 


-3 


0 










1 




2' 


-1 


1 


> ^0 






1. 


2 . . 


5 


7 


2"^ 


Ui^er Bound 








a 


0 


1 


. -3 • 


0 












-1 


2 




^ -1 


Lower Bound 






(a), f(l) = 
■ • ' f(2) = 


-1 




f(x) 












f(l-.5) 


= 1.8X5 " 













T^us,.if t{x^) 
(f(lf25) » 0.203 



0 then 1*0 < x^,< 1.5. 



Thus a. 00 < X < 1*25. 
f(l,.1^5)"- ^0.^51 / 



V Thus 1.125 < x^ < 1.25 and x-. « 1.2 to the. nearest 0.1. 
(b)' f(]f.l875) = f(l-19) « -0.125 ^ . 



Thii?, *if fCx^) sr.O then 1.19 < x^' < 1.25, 



f(l.22) z Va.036 . ' ^ ^ 

Ws 1.19 < x^ < 1-^2. * ^' *• • 

Since |f(l.22) - 0\ is much less tlaan |f(l.l9) - Oj, we will 



n/ 



try Xq « 1.21 * instead of 1.205^^, 
f(l.2l) » -O.OlS ^- 

'Thus 1.21 < Xq < l.^^a/\ ^' ^ " . . 

*t. * • . » 

f(l.2i5) » +0.009 ' ' ^ ^ . 

• 'fe * . ^ 

Thu?* 1.210 < X-. < I.2I5 and x Z 1.21 to. the nearest 0.01. 
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Solutions Exercises 1-9 ^ 




m 



few--.' ' 




\ 



123c^ + 5 



' We shall return to this graph in Chapter 2 when we have more equipment* 
."tour students can compare.'tllfeir attempts wilt Figure A2-2a in Appendix 
2. ■ 



3. Let- g(x) = kf(xX which has the same zeros as f(x). Then for each 
' '\ such that f(xj_) = a 0 ther^ kf(xj_) = &a.. These two functions 
are not Identical 

'. Consider another possibility. Suppose. that g(x) = p(x)f(x) where 
, .- p ihas, no real zeros. i , 



Thus, f and g need not be^ identical. 

iFRir . 



^ , (g) 0 ^ * • 

(c) ; 3/ • . ' (h) 3 < ^ ^ • 

(^liS; (i) 0 

(e) : 

f • Is'sa polynomial function. . . 

g ^5x^j^f(ax + b),^a, b constants, a ^ 0, ^ ' * ' , 

*Ve8, g is a polynomial functipn. The degree of g is the same 
as the degree of f , namely n» * 

(b) If a = 1 and b = 0 the graphs are the same. If a =*1 and 

b ji^ 0 the graph of g is a translation of the graph x>f f. The 

translation if b > 0 being^hat each point of the graph of g 

is slid b units to the left of each corresponding point of the 

graph of f . If b < 0 t^en the shift of each point of f to 
the corresponding point .of g is to the right. - 

(c) It b = 0 then the graphs of g and f have the^ same y-intercepts 
and for correspon'Slng highs and lows they have the ^arae absolute 
ordinate values. The affect .of a upon f is a scaling factor. 

If 0 < |a| < 1 the graph of g is a §pread'out version of' the" 
graph of f . If 1 < |a| then the graph of g corresponds to ♦ 
compressing the graph of f toward the y-^is. Should we have 
a < 0, then the graph of g for a > 0 is folded about the y-^xi£ 
p . Since for a^ = -a^ ^ 6 then ^(a-j^x) = f(a2(-x))r . , ^ 

'(d) The functioji g written in the form g : x -^f(a(x + ^)), for 
* a 

general a and *b, a = 0, implies that there is a translation 
of the graph of f along the x-axis,.then there is a change of 
scale. The other form g : x f (ax + b^ irapltes that there is 
first a change of scale, then there is a translation. The actual . 
changes of scale and translations are explained .in parts (b) and 
(c). For polynomial functions f(ax + b) and f(ff(x + ^)) are 
equivalent. * * . " ^ 
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Teacher^s Commentary 
^Chapter 2 

THE lERIVATIVB OF A POLYNOMIAL FUNCTION /\ ^ 

In the first six chapters our purpose is twofold: to enable the student 
*• 

to determine the behavior of elementary functions and to leapn basi?c differen- 
tial calculus. Accordingly, we have designed the sequence shown. 



function 


calculus-of -function 


1 


2 


, 3 


k ' 


5 


6 ^ 



The heuristic development of some of the basic machinery of differential 
calculus, is an important but secondary goal of this chapter. Our primary aim 
is to cultivate in the student an understanding of' the behavior and possible 
applications of the simplest and most predictable fuifctions of all,-- poly-, 
nomials. Later we shall use these concepts and techniques, ^pnd th| polynomial 
functions themselves, as we deal with other functions ' and problems.. We want 
the student to appreciate the efficiency of the fundamental concepts and tech- 
niques of fcalculus for studying the behavior of elementary functions. At the 
same time.we expect that the student will, begin to believe that there are some 
underlying principles of calculus which might be applicable to rabre^ functions 
"vthan he has at his immediate disposal. ' t 

This is the first differentiation chapter ^ Chapter 7 is the first 
integration chapter. *In the following paragraphs we JLnplude thoughts\some 
of which you may wlj3h to share with the student^ noy, some as you begin Chapter 
7, some not ^at, all. 

,We want the student to know that 'calculus is the stucly'of the ^derivative 
.and the integral, the relationship between these concepts and their applica- 
tjfons. The derivative and the integral may be interpreted geometrically as • > 
slope and as area, but these are only two among a^ wi4e range of interpreta- 
.tlons and applications. We emphasize slope and area in oi^der to in^troduge 
.parts of the subject in an intuitive, geometrical way. However, the concepts 
of derivative and "inJiegral are universal, and their ^incorporation into a 
calculus, a system of reckoning, enables us to solve significant problems in 
all branches of science. / ' ^ / * . ' 



The calculus vas invented to treat pVoblems of physics* As trhe' calculus 
grev into the larger branch of mathematics knoVn as analysis its range of 
apgplicatlon expanded enormously. To analysis ve ove much of the progress in 
the physical sciences and modern engineering, and more recently in the biologi- 
cal and social soiences. The concepts and operations introdiaced by the calcu- 
lus provide the, right language* and the right^tools for the major part of the 
•application^ of mathematics to the sciences. 

The g3;eat advance vhich takes the calculus beyond algebra and geometry 
is based on the cpnc^pt of limit. The basic limit procedure of the differen- 
tial calculus is typified by the problem of finding the slope of a ci^ej the 
b^sic limit procedure of t6e integral calculus is typified by the problem of 
finding the area enclosed by a curve. The slope is fouiid as a derivative, the 
area, as an integral, and superficially these appear to be unrelated. But there 
is only one calculus; derivative and integral are complementary ideafe. If ve 
take the slope of the graph of th^ area function, ve are brought back to the 
curve itself J If ve take the area undei: the graph of the slope function, ve 
find the original curve again. The limit concept', in its guises of derivative 
and integral, together^ vith this inverse relation betveen the tvo, provides 
the fundamental f ramevork for the calculus , In this chapter ve deal vith ^ 
Aslope and the idea of derivative ^or polynomial functions. 

The geometrical concept of direction for a cur^ can be given a precise 
analytical interpretation in tjerms of slope. The slope of a curve at a 
given point is a local property in ^he sense that it is completely determined 
by any arc containing the point, no matter hov small. For the purpose of 
describing such a local property, the idea^of limit is especially appropriate. 
The slope of a curve at a point can be defined as the limit of a set of slopes 
of. chords (or secant's of the tiirve. Later ve discuss this Itmit in terms of 
.a purelj? analytical coifbept, the derivative of a function at a point* The 
analyticfiisjioncept, divorced from 'its geometrical interpretation as slope, 
vill be seeriHo have other realizations. FQr some simple examples ve show 
thfe student hov to ^compute such limil<s^ 
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>1 



f 



It should not be thought that the methods* of geom&ry are entirely 
ppwerless in' the present c6ntext, # The ancient Greeks '-^ated the problem 
of defining the dirlction of a curve at a point by f indingi-Jbhe tangent line 
at the point, the tangent being the line through the point ''^^hich has the, 
direction ^of the curve there. They wer>\§ble to construct the tangents to 
all the .(jonic sections (circle, parabola, ellipse, hyperbola) and even Vo 
such complicated curves as the spiral of Archimedes. In, the end, though?^ 

" ^ 

the Greeks were unable to solve the^problem of drawing ta\igents to more 

** . \ / ' 

than a limited class of curves whose special geometrical properties made 

the problem tractable. What limited them was the fact that they had no 

gerieral wHy of defining a curve, say, in t,erms of functions; that had to 

wa^it until th'e invention of analytic geometry by Descarte»> 

In the first two sections of this chapter we characterize the tangfent to 
a curve at a ppint" P as the be^^straight line approximation t'o th^' curve at 
P. Qeomet]:icaLly , the,iiangent at P * is consi^dered here to be th*e one straight 











.sebant " 












- ^ / 


/ 


h-^ 





line thorough P which lies in all the wedges whose edges are secants Pj 



,where ' is any -point of the curve "clos^"' to P. ^ , - 

The relatively intuitive work with, linear approximations to polynomials 
is intended to give the student a feeling' for what tangents to curves are, 
leading up to Section 3 ill which th^ slope pf ,a tangent is ( rigorousily?) 
defined' as a limit of slopes of secants. v *' 

In^the final section of this ghapter, students .will see that the coefft- 
ciepts of the terms in a polynomial function are related to its derivatives, 
jusit ^8 their work with linear, qyiadratie, , and cubic approximations may lead 
theiE^ to suspect, / * , { . 
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. Solutions Exercl.ses 2-1 



'1.. (a) y = 1 



(f) y = 1 - X 




(b) y = 1. 



(s) y = 2 



•'Soft, 



(c) y = 2 + 3x 




(d) y = 3 + 2x 




('e') y = 1 + 





.(J) iy = 0 



■\y / 



-, ' 



I 



- o -• 
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(a) Since -.01 < x < .01 

.99 < 1 + X < 1.01;» 

If . X > 0, we have 

.99x < il> x)x < J..0l5c/ 

1 + .99x < 1 + (1 + x)x < 1 + l.OIx. 



and 
If. X < 0, 



.99x >^(1 + x)x > l.Olx 



ana 1 + .99x > f(x) > 1 + l.Olx. 

h 

(,b) (i) - For 0 < X < .01 

1 < 1 + X < 1.01 

1 + X < 1 + (1 + x):^< 1 + l.Olx 

' ^ (il) For -.01 < X < 0 , 
.99 < i 4- X < 1 
.99x > (1 + x)x > X 
1 + .99x > f(x) > 1 + X. * 

: y = 1 + l.Olx 

f L : y = 1 ?»- X 

Lg y = 1 + .99x *• 

(c) For X 0, x^ > 0. Hence f{k) > 1 + x, x ?^*0./ 

(i) >0 < X < .1, then 0 < x^'< .01,- 1 < 1 + x^ < 1.01' and 

X < (1 + x^)x = f(x) < l.Olx. 

p . 2 
> ' (ii) 'it 0 > X > -.1, then 0 < x < .01, 1 < 1 + x < 1.01, ana 




X > (1 + X )x = f(x) > l.Olx. 



(b') Sketch; 



y»l.01x 
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iir 



k. (a) (o,a) y 

(b) |xp< .01«»-.01 < X < .0K4-.01 < -X < .014^2,99 < 3 - X < 3-01. 

If X > o; (1) is equivalent to Z.9^x <: (j - x)x < 3^1x or 
'2 + 2.99X < 2 + (3 - x)x F f(xy < 2 + 3*01x, and ^if x>-a>Vihe 
inequalities are reversed. ^ . / 

(c) * * / . 




/ 2 > 

5. If X ^ 0, X > 0, and hence 



! y = 2 + 3x 
: y = 2 + 2.99X 



Refinement is shown 



6. (a) If . 0 < X < .01,. then 



-2.< -2 + X < -1-99 
-2x < (-2 + x)x < 1.99x/ 
-1 2x < f(xj < -1 - l"99x. 
L : y a -1 - 2x' 
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^r^' Figure Is shovn . 









^1 . 




- '7. (a.) We can write .f^: x 3 - 5x l^x a's 



*f : X 3 + (-5 " *^x)x. . 
If |-l*x| < €, " we ^ave ^ 

c|i^x| < € .or [x] < I . 

^Thus the graph of f lies between tl^ lines giveh by 
. y = 3 + (-5 +• €)x^ ^ 

y ^ 3 + (-5 - €)x'/- ^ . 



and 



W^y^- In- particular, if |x|.<.02,. t = .08}- and the 'gtaph of f lies : 

; J , between the Unea given by' 'y = 5 - ^•92x and 7 = 3 -•5ji#- " 
' xV '••^The slopes of these lines a're,^ of course, , .and ^5.00,, 



(b) If € = .002 and \-kx\ < .002-, -then [x] < ,0^, ^or x^' \. 
^* assume valu^$ between --005 and >.005;^ . ,\ ' ' 



St-- - 

■ 




^)r'*f(a;i) - g(oa) = -2(0.001) = -0,002 



i^c) f(p.bi) - g(o.oi) = -2(0.000001) = -0.0000002 



J (d) zero, because 



fCx) - g(x) ^ (1^- X + ' 2xh - (1 -.X x^) I 2x^ 



2 



-2x 



(for X ^ 0), and as x approacfies 0, -2x approaches 0 also. 

(a) * best linear approximation: 7 = 2." 

best quadratic _appro ximation; saipe as best linear approximation • 
best cubic approximation: y = 2 - x"^- 

y = 2-x^+2x^-x^ grajJh of ^ f 'lies above 

the graph of its best cubic 
approximation g near' x = 0 
^ since f(x) - g(x) = x^(2 ^ x 
which is non-negative for all 
X < 2. 




10 10 



(c) z&ro', because 

f(x) - g(x) ' (2 > x^ + 2^^'- x^) - (2 -x^) _ 2x^-x^ _ 



x3 



2 

2x - X , 



and^as x approaches 0, 2x^- x approaches ?0, also. 



Solutions Exercises 



2 A 3 
2 ^ *8 19 

2. 12 , 



0 
6 




f(x)- 2(x - 2)3 + }2{x - 2)^> 19(x -,2)^+ 6' 
1-7 3 , ^ |g 



1 
1 
1 



-5 ^ -iT 
-3 -13 
-1 



-10 



\. f(x) = (x . 2) 
(c) 3 -5 2 



3,- (x - 2)^ - 13(x - 2) - 10 



If;" 

Hi--- 











3 


-11 21 ■ 




\: 


-lit - " 




f(xi; 


= 3(x + 1)- 


(a) 


1 


-2 1 




i„ 


-2 i 
2 ^ 




1 






I, 


.1. ^ 
2 




f(x) 




2. (a) 


1 


2 ■ It 




1' 


U 12 




1 


6 2lt 




1 


8 . 



-9 



- 9 



-1 



hi 



-3 
2? 



4^ 7 



I?--. • 



f(x) =» (x r 2)3 + 2f + 2^x - 2) + 27 

T : y = 2it(x - 2) + 27 2kx - 21 



3 



h3 
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(b) 



8 




' 0 


" 3 . 


2 


■ -2 


0 


-15 . . 


'2 


-f 






2' . 


-11* 







. ) 



-^fCx) 2(x + 3)^ -/H*(x t 3)^ + 30(x ^ l) - 15 
T': y = 30(x + 3) - 15 » 30x + 75 

Ccl 1* .3 2 1 |U 

^ -19 ' 78 -311 

U -35 218 / ^ 

1* -51 ' / 

i(x) a lt(x + ^ 5i(x + l*)^ + 2l8(x + \) . 311 
T : y = 2l8(x + U) . 311 = 2l8x-+ 561 J 



5 ^ 



5 • 



i2 



7 
IT 

\ 

1 
2 



1 
2 





10 






= 5(x 




■ T :■ y 
i » 




-|) 




1 


3 


1: ■ ■ l» 


13 


U2 




25 


117 ' 
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A 



'(f) 



|)'*-10(x-i)3.|(x.|)2'.|(x-i 

0 \l_ ^ 



f(x) = U(x - 3)^ + 37(x - 3)^ + lL7(x - 3) + 126 
T : y = 117('x - 3) + 126 = 117x - 225 

^ ' M 1 - • r t' ■ 

2 .1 -16 -2U 1-2 . ■ 



2 -3 .-10 
, ; 2 . -7 It 
2 . -li 

■ f(x) « 2(x + 2)^ - 
T : y = l»(x + 2) - 



1 m 



ll(x + 2) + Mx + 2) - 1» 

1» a 1»X + 1» 
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V I 



• "3. 



\ - 



-10 




• < 


' L 


-1 ^ 




T : y 


= -13(x 


(b) 


1 


-6 6 




1 


-3 -3 




1 


0 -3 






3 




T • V 


= -3(x 


(c) 


3 






3 • 


-1 




• 3 






3 






T : y 


= -1 



-1 

-10 



/ 



(a) 



- 3)>^ - 10 = -3x - 1 




0 \ 0 0 " 
-1 \.l' -1 


Ll 










m 



2 
2 
2 



If 
8 



-5 
-5 

3 



9 
-1 



I: 



(e) 



: g(t) = 3(t - 


2) - 1 = 


'3t - 7 


2 -3 -12 


Ik 




2 • -1 '-13 


1 




2 1 'rl2 


> 




2 3 ^ 
: y 3 -12(x - 


1) ^ i = 


-12x + 13 


2 -6 .6 


.■J 




2- -U 2- 
2-2-^5 ' 


1 , 




2 0 







y = 1 



' - 04 



^ 



(c) 

(d) 

-(e) 
(f) 
(g) 
■.:(h) 

: (J) 
(kj 



(m) 
(n) 

(or 



-"-Sx - -• 3a) + (3a^ - 3)(x; - a), + 3a(x - a)^ + (x - a)^^ 
(^■-^^<(^-,«)^<^-« 

f (a) = a^- - 3a ' 
X (a^ - 3a) + (3a^ r 3)(x - a); 

, \ — • 

If we let 3a - 3 = 0, we-have a = ^1. 
(-1,2), (1,-2) 

X (a^ -• 3a) + (3a^ - 3)(x - a) +' 3a(x - a)^ . ' 

3« W . .• ' • , V ^ 

When a = -1 at (-1,2), 3a < 0; hence the graph is flexed 

(cdncave)/ downward. When a* = I at (1,-2), 3a >0; hence' 
th^ -^T^h ' is' flexed (concave) u{)ward.^ 

The point (-1,3) is a relative maximi^ and (1,-2) ^is a 

relative minimum. ' * . . * 

If we let 3a = then a = 0; the point (©^inflection) is 

(0,0). 




f : X 



- 3x 
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'^-0 \\ .2-3f ^lope as Limit of Difference QuotleQta 

^ 4\ * ^' ['^ ; ' ' - i i ' ' 

. notion of limit is introduced here and ^utilized' vithout rigor. » 

Thrpughoiet this section and most of the remainder of this text, students will 
¥.''^ ' ♦ * ♦ 

be expected to deal vith, limits intuitively. Pifoperties of limits j^re assumed 

' without mention here and proved as theorems in Section A6-i*. 



Jr. i 



J- 



1. ■ (a) r(°x) 

(b) r(x) 

• (c) r(x)' 

(d) r(x) 

2. (a) . 1 

' 2a 

(c) ' 3a^ 



Solutions ^Exercises 2 



X - a _ 
x - a " 

2 2 
X - a 

X - a 



x"^ a 



^ ^ =: X + ax' + a 
X - a 



X a 
X - a 



'^223 
x-^ + ax + a X + a-^ ^ 



. '4 



^^^^ 



&4 



3* 




I,a3 
1 




(b) - 


2a t 




(c) 


3a^- . 


\j 








(a): 


1^ - r 




ib) 


0 




(c) 


0 




(d) 




.9. 


•(a)' 


y :± X ' or 
y =: 2ax - 






y = 3a X ■ 




Jd) 


2^ = 4a^x ■ 


■.■•■-6. 




r(x) = 



y v= a + (x - a) 

*or . 5^ = a^ + 2a(x - a) 
ft 

2a'^. or ;V- - a^ + 3a (x - a) 



b* " ma b ^ 
X *"- a 



= m( J 
^x - a' 

= m, X' ^ a 



k8 . , 



If-" 



.(^> ''W- x.a 
2 2 



'^^ '^c) r(x) ^.A(x^ -, a3) + b(x^ - a^) + C(x - a) 

= A(x + ax + a ) + B(x + a) +lc, x a, 



„ A(x - a^7 + B(x - a) 
* . X - a 

?*A(x + a) + B, X a. 

3 .3v . 2 2v 




7. Ca) m . ^ 

(b) 2aA + B 

/ , (c) 3a^A + .2aB + C 

o, (a) a 



2aA + B ^ 



(c), 3a A 2aB + C 



At the point (a,f(a)) the slope is 2D 



-9 



10. 



2 - X 



2^ - 1 + X^ 



2 -> X ' 



2 -> X 
, 2 X t 



2 - X 

3 „3> 

2"-IX 



= lim -(2^ + 2X + x^"' 
2 -> X . J 

^ -3x^' 



(.t)' iin, ' £l2L±4_JL^ = lln, 1 -,-(x'^h)3 -'(1 -x3) 



h 0 



2. -.2^ 



' h-*0 ^ 



= ,liin (-3x^. - 3xh - h^) 
h 0 , ' • 



.= -3x^ 



(c) '-3x^ 



1 : 8a 
„ (b)",L:---8; 



. (c). 1 - 8x 
• (d) 1,-8:^ ' ^ , » 

. Remark ; .We use ^this -result to begin th^ next sectipn. 



- irhis section is. designed to motivate the formulas for derivatives of the* 
geneim. polynomial funcibipns given in Section 2-5* The Binomial Theorem is 
..n*.-. assumed throughout, and fa reminder may be necessary before students tackle 
iV ' $ ' Exercise 9. * i ' ' 



Solutions Exercises 2-U 



[x^ 4- 2xh 4- h^ - n - [x^ - n 



i 2 
^xh'+h- 



= 2x + h 



lim 
h -> 0 



f(x 4- h) - f(x) ^ ^ h) = 2x 

^ h 0 



If/ , 



(b) f '•(3) = 2 • i = 6 

, X ^ f(^ 4- h) - f<3) + h)^'- n - " 11 

h " h . 

[9 4- 6h ■4- h^ - ii - [9 - n 

h 



;6h 4- h"^ 



6 4- h 



h -> 0 





• h 


0.1 


o:oL 


O.OOL 


-0.1 




-0*001 




fl^ + h) ^ f(3) 


6.x 


6.01 


■ m- 

6.6oi 

1 f 


'5.9. 


5.99. 


5.999 

J ^ 




.,h . 
1 — 



"#1 



: f " f(x + tf) ^ f(x) ^ I(x + h)^ - (x + hW\l - [x^ - X + 



n 



Tx^ 4- 2xh 4- h^ ^ X - h 4- 11 - C.X - X 4- 11 



•1 



1< 



r 



* '2 



2>EL±JJ_zJi.2x'-i4.h, [hySol. ^ 



h' 



.-. f(x) = lim , (2x - 1 + h) = 2x - 1 
h -*P . 
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5,9 



6xh + h 



= 6x ft- h/, [h 01. 



^ T } 



/• f'(x) = lira (6x +. h) := 6x.; 



h ->0 



(c) f'(x) « Ux - 1.^ [Derivation similar to (a) and (b) . ] 
2 f(a + - f (x) ^ [a(x + h)^ + b(x -t- h)^+ c1 - [ax^ + bx + c? 

[ax^ -t- 2axh ah^;^ bx bh + c] - [ax^ + bx- + c1 
^= gaxh + ah^ + bh ^tg.^^ + b + ah, [h ^ O] 



%^ ' ' f'(x) = lira (2ax/ b + ah) = 2ax +.b. 

, / X f(x -H h) f (x) ' [(X + hV^ + (X + h)1 - [x3.+ x1 



[x^ + 3x h + 3xh^^-t-^h^ + x + hi ■ [x^ x1 



•4 



(b) 



^j2£hjtJ2^_Lhl±Jl=3x2v+i + 3xh + h2, (h^O) 
;/ f (x) = lim (3x^ + 1 + 35ch + h^) = 3x^ +1. 

f(x> h).- f(x) [bc.+ h)^ ^ 3(x + 1)T- Ex3 > 3x1 

h " h • r ^ ■ - 

» . [x^ + 3x^h -I- 3xh^ -I- - 3x - 3h1 - 3x,l. . 

h ■ - , 

.-. ..f(x) = •lim (3x^ - 3" + 3xh + h^) =3x^-3 • 

- ' h ^ 0 , • 
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mi 



(c) 



_ .^v.g .g#^yrt(^--^' '^:.3 ,6xh. +2X .'6, (h ^ 0) . 



5. 



.'. f(x) = lim (6x^ + 6x^5) + 2h^ + 2x + h - 6) = 6x^ + 2x - 6. 

f (x +h) - f(x) [aix+ii)'^ + h(x + h)^ + c(x±h) + d1 - [ax^ -*- bx^ -i- cx -i-dl 
h h 

[ax^ +3ax^h +3axh^ ^h^ + bx^ + 2bxh + bh^ + cx +ch +d1 - [ax^ +bx^ + cx +dT 
• h ■ . 

] ^ax% H-3axh^ H-h^ H-2bxh-+'bh^ H-ch ^ 3ax2 + 3axh + +2bx +bh+c, (ii ^ O) 

. f'(x). = lim (3ax5 +3axh +2bx +bh +c) =*3ax? + 2bx + c, ^ 

h 0 ' - r ' 



6. (a) f»(a) = lim 



2 2 
I'-t- 2x * X - X - 2a t a 

X - a 



X a 

=^ lim (2 . X - a) = 2 - 2a 
X a 



(b) f'(o) = 2 



(c) f(|)'^:^.^ 

(d) f'{'l) = 0 
(-e) • fit ~10) = 22 

-^-7 r - fa^X'^^lope = 2 - 2a' 
(b) - siope = 2 



(d) slope = 0 



(e) slopa. = 22 



f y 8. (a) f(x) 3x^ . 2 



*(from Exercise 5) 



- " 2 

ilf f»(x) = then *3x « 2 = 4/' 



2'"- 
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..'H. X ~ ^ _ + /I _ + :^ 
m Ao; X - . r - - . - 



^'^r., 9i' (a) SxT 



lllk 10\ (a) slope function Is the function f: x Sx*^ 
^ (b) derivatlye Is the function f • : x -♦Ux'^. 



(c)^ slope at . (x,f(x)) is 5x . 

' • (d) fV(x) = 6x5. • - ^ 

Each of these expressions Is derlveci In Exercise 9. m 

U.* (a) f(x) = (x = x^ 2x + 1, so f '(x) = 2x + 2- = 2(x^ l) 

' • by Exercise 3. 

(b) f(x) = :5(3x + 1)^ = 9x^ + 6x^ + x, so f(x) = 27x^ + 12x + 1 



- by Ebcerclse 5. 
(c) f(x) = (x^ + 2x)(3x - 1) = 3x^ ^rjfi^ - 2x, so 
^f»(x) = 9x^ + lOx - 2 by Exercise 5* 

J^^-Ulalj -For, .all _valu.es fiXaJ..= .2^a,t+ B '= fa - 2; whence A = 3 
j;-;. , • B =.-2/ We alsj^ have f(l) = A(l)^ +kB(l) + Z j. 8. Therefore, 

fl:-" * S -'2.+ c = sV c'= 7. • . 

Ir • • " . • . * 

W ■ ' ' • 



Mr 
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. 

;|| 2-5 PerlvaHvei ot Generar polynomleil Function^ 



■•-.fhe^omula&.giyen^er^^^ aaL^npiSurprise aftev the work of 

[5,./" t Section Their proofs tacitly assume that the limit of a sum is the sum 



vt c f limits • 



') ,The derivative of 

•f : X ->c^ +'c^x - a) + c^^x - a)^ + ... + cjx - a)^ 

j begins to suggest the more general property of derivatives known as the Chain 
I Rule^ i.e., , y 

i^ , f(x) = g[h(x)l ^ 

then \ ' f'(x) = g»*[h(x)l -h'Cx). ' 

The Chain Rule will not be derived in general until Chapter 8, but specific 
- examples will continue to crop up in connection with each or the elementary 
functions discussed prior to that. By Chapter 8, students tnay even be ready 
to conjecture that some such general principle is operating. 

Solutions Exercises 2-3 ^ 

• I. (a) f » : X -» 2x + 2 

(b) g' : X -> 2(x + 1) 

(c) f« = g« 
2. (a) (i) f« : X ->ltx - 8 , 

. ^ • (ii) g» : x -> ltj(x + 6} - 8 

' ■ (ill) g« :^x -»lt(x - 7) - 8 

■'■\ .(ij) (i) : k-' . ' 

. ^ (n) ^ 
^. - ~ . (iii) > ■ . 

■ (c) = g{(-3) = g^(lO) 

-^2(x + 2)^ - 8(x ,+ 2) +9 



(d) (i) X -..V. . 

• (li) X ->2(x + 6 - It)^ - 8(x + 6 - •!») + 9 , . 

'(iii) X ->2(x - 7 + ,9)^ - 8(x - 7 + 9) + 9 . ^ 

2 

' In each case the same function x ^ 2x +1 is obtained. 

/ 1 >>- 
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5"t 



(b) 



(ii)- f? : X -♦sCx - 2)^ + l2(x - ^) + 9* 

g*i: X -♦3(x '+ 1)^ - 6,(x + li) 

F?(6) fl(0) « g»(0) « -3 " 

Each has the equation y = -3x. 
F =« f g 



3 



U. (a) -F' : X 3x^ + 12x + 12 = 3(x + 2)^ 

(b) f« : X 3(x + 2)^ • . ' 

(c) 3(x + 2)2 ,' ^ 

(d) . 
(e) 

5. (a) 

(b) 

(c) 

^ (f) 

, 1 (g) ■ y.= -l6x - 19 o»^y = 1 + -10(x + 2) 



• V 



3 • 

3 • ♦ . • • ■: 

f» : x "ilO(x + 1)^. ^ ' 

f(0) = 1. and f»(0) =10 - 
y « lOx + 1 - ' ^ 

'f(-l) cr 0 and f^(-l) =0 • > " 

y = 0^ , ; . 

(The graph of is tangent to the x-axis at the point vhere x = -1.) . 
f(-2) = 1 and fi'(-2) i -10 ' ■ ' ^ . * - 



sii * -(a^ ,31 5 X 15(x - 2). 
(b) 
. (c 



f'(l) = 15, -f'(2) = 0, f«(3) = 15 



2-'-^ + 15 • 2'^'*(x - \) or y = 32768 + 2lj576o(x .- It.) or 



• J- (a) 



■ (b) 
, (e) 



y = 2U576OX - 950272 
.f» : X 6(x + 2) 
gt . X- 6x + 12 
'f = g and f » = g^ 



This problem \% intended to te cautionary. Without the chain rule* 
, the student must first factor or ^xpand to obtaip f(x) = 9x ^ + 36x + 3^,' 
whence f » :^ x l8x + 36 2^3x A 6) . ^ ' 



ERLC; 



1 




Wr' •■ *■ • . 

':"A-*«f««^s,(f)^. p"a G and F* = G* 

It/'.. ' f • ■ 2 .3 

8, (ai f':.x -» i + x + |7 + |r + |r 

2 U • 6 ■ 8 
(b);f':.XT*l + |r + ^ + fr + 5r 



- ? 



1^ 

^#1 



3 ' 3 7 

9* '(^) .f'S) = 6x^ - iSx . 60 = 6(x + 2)(x 5)^, ^so f;(x) = 0 if and 
bny if X » -2 or +5* ^ 

A 'I^^slope of the graph is zero at x = -2 and x = +5. 
* 

, * (b) The graph is horizontal, 

^' ' ' 2' 

10. (a) ^» : X -♦3X - 6x 

'2 

g» : X -^oc - ^ , . ^ 

/(b) f'(l) =:-3/g/(l) = r . 

(c) At (l,f(l)) equation of tangent is y = -3x + 2; 
^ ' at , (l,g(l)) equation of tangent is y = j x r j * 

(d) These' tangent l^-nes are perpendicular to one another- 

11. (a) x"^ = (x -a)"^ +7(x -a^^a +21-(x -a)5a^ +35(x -a)^^ +35(x - a)3a ' 

■ + Vl(x - a)~n^ +-7(x - a)a^ + a^. * . 

(b) For X / a, we have . 

a 



l^u^ - •- £-J^-= 7a^ + 21aP(x\ a), * ■35a'*.(x - 35a3(x - a)^ 

• ■ • X - a . 



1^^ 



21a^(x - a)** + 7a(x - a)^ + (x - a)^ 



6" 



(c) * lim ^ - 7a" - ^ 
1 X a-« 

(d) Us^ng the Binomial Tl;iWem, ve get 

.:5/ 



2*/ / sk: 



Ix + Ax)'^ - x'^ = Jx^Ax + 21x^(Ax)^ + 35x^(2Sx)^ + 35x (Ax) 

+ 21x^(Ax)^. +* 7x(Ax)^ + J;Ax)'^/ 
For ^ Of we have " 

-(x -H Ax) - X ^ 21x5^ 4.35x\ax)^ + 35x^(Ax)3 



Ax 
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+ 21x^(Ax)'* + 7x(Ax)^ + (Ax)^. 

65 56 ; 



(e) Prom part (d\; 




lini""^^ = Urn (7x^ + 21yPdx + 35xNax)^/+ ... ^ (/^fy 



: - 1 



, J.. ■^^ 
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»2-6. ATOllcatlons- of the Derivative^ to Graphing 

In this section ve define relative maxima and minima and conclude that 
.at* such polntsjjje derivative of the function Involved has the value zero. The 
second derivative Is not yet available to characterize relative maxima and 
minima, so the- students must at thlq stage check the sign of ,f'(x) on either 
side of^the zeros of f In order to determine whether they ^correspond to 
maxima or minima, or merely to horizontal points of Inflection. , 

Solutions Exercises 2 -'6 




The graph cofS;:Qborate^ 
the conclusions of the 
text. 



8x^ + 1. 



(a) f(x) =.'*x' 

^l(x) = 16x3 . = l6x(x^ - 1) is zero if, x'= 0 or _x = X 
or= x.= -l. Since f(-l) = f(l) = -3 and f (O) ^- 1, we.^on- , 
elude t.hat_f('o) .--is a laical (relative); extremumr f(o)''= 1 is 
a local (rela^ve) maximurf. Similarly, since f{-Z) -^fi2) = 33, 
ve may conclude that f(-l) = f(l) = -3 are miftima. lUe function 
f ' la decreasing throughout the interval.s x < -1 and [0,1]; f 
is increasing throughout the intervals "[-l^Oj and x > 1. , ^ 

(b) f(x) = x**"- hx^. ' . . 

^ f»(x) = hx^ - 12x^ = '♦x^Cx - 3) is zero if 3^.,= 0 or x = 3- 
f(0) = 0. and .f(3) = -27.' Since f(-l) > f (o) > f(3), f(o) 
is not a;Local extremum. Since f(0) = f(it), «,(3) " is an extre- 
. mum-. f(3) is a minimum value of f . The function is decreasing 
throughout the ihterval x < 3 &nd increasing throughout the 
interval x > 3. - ' 



3 
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58 



3. ' 



Let > Xg > 0. Then it follovs that. 



Multiplying, we get 



\ 2 2 
^1 ""^2 ^ 



J 



, from which it .follows that , 



2^2 
x^>X2 



We could alternatively^gue that f'(x) = 2x- > 0 for x > 0. ^ 
h. (a) \ * 



(b) 
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' f. Mijjile. function'- r increases on •'[-1,0], increases on [6,2] 
If;--.'- ■ C. .""'.''.li/'ana. aecrea8,es on [2,3L - " '* 




* 7.. The maximum value of f oc'dUrs when x^^x^ - 6x + 10: is-^minimumj . 
¥:\ '* . .!t.^^ 1^ o ^^qV - ft . ^Wn-kA that x^ - 6x + IQ is positive (in fact 



Is?../ 



When x = 3, f(3)= 8.. (Note that 
"r f(x) >iy for 'all '.xO. 

8. The gBaph/of a quadratic -function x Ax :+ Bx + C, A ^ ±8 ^ 
iiorizdntal at point '.^ vhere the slope flia) is zfero^ 



r 



f«(a> = 2Aa = 0 



So a - 5? Is the only;, po;Lnt where the graph *of the quadratic is ' 
hori2ont€^l. >^ 



69 So 



g. (a>^ f « : 3C 3Ax + 2Bx + C 

(b) V» cap have at most 2 zeros* 

'.4'H..-.-.('c)'^^rcHn (b).'We conclude, that f can have at most 2 relative extreme j 
i.e'.'. it can have no more than one relative maximum point and one 
' relative minimum point, 
(d) Yes. (See Complex Conjugates Theorem la Appendix 2.) 
* (e) Let f«(x) R 3Ax^ + 2Bx + C = 0, 



I' 



whence x^ 
Therefore 

10. (a) f r = g V ^ 
(b) 



2B t Ab^ - 12AC -B 



"ST 



3AC 



3A 



3A 
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^ II. Stoce. f(xj^) a-fCxg),^ 0? ve have^ 



'nius A(x^^ - Xg^) + B(x^ - x|) = 0, or ^ ^ ' 

"''^ V A(x^ + Xg) + B = 0, for x^.^ 

Hence, sA(x^ + x^) = -B. Since f«(a) 2Aa + B = 0 when a - , 
we have 

B > ^^^1 ^ ^2^ ^1^^2 • 

" ^ 2A 2 • 



' * Therefore, f has a minimum when 



A},ternatively we could give the following argument. We have a minimum when 

^ » B 

> 'f»(xQ)> 2AXq + B = 0; i.e., when = 



2A" 



Also fC-x^) = fCxg) ^ 0,. when x^ or x^ 



-B i 



l^AC 



2A 



^^Thu5 — 2^-='-I^A = -2A^.^0• 



12. We have g^(x) = 12x(x - l)(x - 2)'. The. point (l,-l). is a relativ^ 
maximum pointr^ The points (0,-lfj and (2,-l») are minimum points. 
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r 

^ ' Solutions Exercises 5-7 



I 



We have f'(x>= 12x^ + 12x^ - 2l|x = 12x(x - l)(x + 2), whence, ^ ^ 

# » ' •• \ ' " ■ • ^ 

' . • f'(0) =. f'(l) = ^'■(-2) =0. - * . 

He tabulate the values of ,f at the zeros of the derivative aAd at -fihe 
jendpoints of an interval including the zeros. , , - ^ 



a 


X . 


<"3 


-2 


T 

0 


• 1 


2 


i * 
0 


f(x) 


32 


-27 


5 


0 


37 



The tafcle helps us to conclude that f(-2) is the minimum of f(x) on 
the interval [-3,2], f(0) a maximum on [-2,1], and f(l) a minimum 
on f [0,2]. Thus, expect f to be a decreasing function on 
-3 <JC < -2; f(-2)' is a local minimum. For- -2 < x < 0 the function 
should be increasing and f(0) t;5 a local maximum. Over the intearval 
0 < < 1 the. function should dej^rease again to the local minimum f(l); 
foi> X > 1 the function should be ihcreasfng. 
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2» W,^ apply t6e knowledge we have gained to find the (local and global) 
extreme of the function 



'5 k 



IfOx^ + 100 



^ the interval "3 £ x < i^. We differentiate to obtain 



f*(x) = 20kl 



20x- 



12Qx^ = 20x^(x + 2)(x 



We tabulate the values of 

'4 



f at the zeros of f » 



3). 

and at the endpoints. 



X 


-3 


-2 


0 


3 


1* 


f(x) 


-197 


212 


100 


-1*13 


356 



. Considering triples of cons^ecutive values of f in this table we find 
that the function f increases from a (local) minimum at x = -3 to 
a (local J ma:0.mum at x = -2, then decreases to its (global) minimum 
af X = 3 and increases- to its (global) maximum at x = 1|. (If we 
were to consider the entire r.eal axis as the domain of f then, since 
^ \ f ' has no zeros outside the interval [ -.3^ 1| ] we would conclude that 
f is increasing for x < -3 and increasing for x > H.) We can^ 
utilize the information of the table and a few additional ^plotted' 
points to obtain an excellent idea of the behavior of the graph of f ^ 



on the given interval. 



If f : t -♦^fii - A6t ,^ then f'(t) = 96 - 32t. 
.". f'.(t) = 0' if an^ only if. t = |5 = 3. . 
Hence, f(t) is maximum vhen 



: • t = 0, t = 3, 0/ t = 6, 

since the values of* f are ^meaningful for thejproblem only on the 
interval [0,61. Since f(0) = 0, f(3X = 1^^^ an^d f(6) == 0, - ve 
conclude that the maximum height the ball reaches is ""ikk feet. 

If 'x represents the length of the rectangle therT^^^^^^^^iepres^nts 
the width. Hence, the area is ' , 

(I - x)' • X or £x - x^. 




The function, f x - ^ has the derivative f'-x ->| - 2x,^ ^ 

j f*(x).= 0 .if and only if 

* * 1 * 

I - 2x- = 0 ■ . • 

2 

-> 

' or , ^ X = I" . 

The meaningful interval for f is [tf, |l and on this interval f ^is 
maxiJriUm at x = 0, x = .or x = |' / Examination sho^s that, of .these 
f(|) ^ is the greatest. H^tice/ the dimensions of the rectangle vith 
largest area akd perimeter>,p 'are , ^ 

f . J' . V' 

length = ^ 

vidth = I - f " I" , ^ . ^ 

* 

Since both dimensions are the same, this maximum rectangle must be a . 
square* * , 



< 



5. 



3U56 
3000 4.' 



2000 



1000 




10 12 15 18 




We have f*(x) ^= -12x + Ikkx = O - when x = 0 or x =*1^. - On .the 
fnterval [0,l8] the~ minimum value of. f is f(o) = f(l8) = 0 an'C 
the maximum value of f is f(l2) = 3k^6, 

6. V =-(20 - 2x).^x =t l|(x^ - 20x^ + lOOx) =i f(x). > /' / ; 

f«(x) = i|(3x"jv^ + 100) =0, if x = 10 or ^ / (10; a -/ 

minimum*) For maximum, ' ^ ' ' - z^^- 

• V =-5^ . ^ . =: = 592:6+ (in cubic feet) . ^ : 



TV-' 



7. Fifty feet parallel to the river; 25 feet on each side. . ' /."V . 

8. Th6 nmber to be squared will be - N and the other number ije; *• ^ ' " 

9. If X is the length of the wice to be bent into the.circle^'^^h^^Wea -isi 



2kK ..^ 



f'(x) = .3 + I + I;: = b; if X = 10.5;., ■ 

'This will- give a combined area for the square ^and circle of 20.1"^, 
vhich ijs a minimum. , . 
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loJ if the ma^^um should be required/ we should have to examine the end-points 
(see Example 2-8d) . The. maximum area is k^.Q^ and corresponds to the v. 
case in which the entire wire is^^bent' into the circle. (Properly speaking, 
the wire is not cut.) 

II, Let s be the number of feet on the side of the square and' r ft. the 
radius of the circle. The total area enclosed i4-^y sq. ft., where * 

. y = s, + xr 

subject to the constraint that 

Us + air = S, 

so "Chat 

2(1 --^g) 
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r 



We have the function 

r 



All possible values of .s are on [0,l];, endpoints: (O,'^), (l,l). Since 
f*(s) = - ::(l - s). + 2s, the only zero of f » is s = r~ — ; 
f ( )^' \ ^) = \ \ \^ • observe that - ' • ^ , • ^ 



<1 <3 ,. 



'0 



or 



(a) For nfiftimum area th^^erimeter of the square should be ^ ft. and ^ 

' hie 

the circumference of the circle should be ^ ^ ft.^ 

(b) For^^ximum^area we should bend the entire wire to form a 'circle 
rather than cut it.. - - ' ^ 



> 
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13. 



12> We let X feet represent the vidth and let y feet represent the length* 
• Then the area is; xy square feet. In. order to expressHhe area A, itl 
w terms of X alone, ve jget y in terms "of jc. Since the perimeter, 



2x + 2y = 72 ve have y = 36 - x. Thus ve obtain 

A » x(36 - x) ♦ 

Novvve can focus our attention on the behavior of . the model polynomial 



functit>n 



,and its, derivative 



f : X 36x - 'x 



f» : X 36 - 2x. 

' ft ""^^ 

Employing the same reasoning as in Example 2-ob, we examine the -zeros 
of There is only one zero, namely x = l8, Wljen x = l8,"y = 18 

since 2x + 2y = 72. Thus the rectangie vith maximum area vill be a 
square ,l8 feet on a side. We -can be ceiiiain that ve have obtained a 
maximum and not a minimiA because the graph of our model' function 
f : x->36'- x^ is flexed "dovnvard. (Of course, ve could' directly 
apply the result of Example 2-8b.) , * . 





Relating the "figures ve have AC = h and' ^|[^^* height of 

the inscribed^ cylinder is y, ^^d the radius of its circular base is 
x," then^ DC = y and EE = x. Sihce triangles AEE and ACB are 
similar ve have ^1 
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/ The Volume V of the cylinder is gliien by ' vi , ^ 

1* vhere h and r are constants. 

' ^ The formula for the volume defines a polynomial function f 

t' which we can maximize. The derivative is 

' - . . * 

The zeros of f* ai'e found by solving 

I ' h 2 - * - 

t:- . . * 0 = 27fhx - 3ff - X , ' , ' 

I \ 5^1 ' ' . ^ ' - . 

^^V*. t 2 ' ' 

These zeros are 0 and -r The cylinder will have a minim\am volume 

.J 

\ . , 

when the radius of its base is 0, and a maximum volume when .its radius 

r " ^ 2 ' — 2 

T ^' ^^"^ corresponding hei^t we substitute .x = ^ r in*(l), 

so that 



\ 



















X 


1 


r 





* 1 



f»(x) = 300 - 3x 
f)(lOO) = 0 



600--3X- " 



'2- 



100 





4 


1 


3;- 



-^150 



15* The dimensions will be (heigfit x width X length) = ^ ^ ^ 

(6 -2>^" X (lit^Vx (12 + ' ^ 



(x, 16^^^-' ' 





f(x) = 2x(l6 - x^.) = 32x -,2x3 

f'(x) :^ 32 - 6x 

f'(-^) = 0 



/ 
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i^ti^'-. , 17'. The 'ar«a-of the corj^al is given by 



A = f(x) = I3OX - , 



whwe X < 100 and' x > 0. 



vail V 






r 


* 




260-x 
2 




X 

r 




zero if 


■ X = 130. 





f'(x) = 130 -X 

f(o) = 0, f(ioo) = 8000. 

Since x < 100, the extrema occur at the endpoints and the maximum 
.area occurs at "x = 100. The maximum area is 800^ sq. yds. 



.18. 



' 8000 



f(xj = 130X - ^ 




The point is (l,2) . 
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19.. = 2itr^x « 2if(l00 - x^)x 
= 200irx - 2itx^ = f(x) 



f« (x) = 200jt - 6jtx? 



10 



f^x) = 0 when X 

Dimensions of inscribed right circular,^ 

cylinder: ^ . * t ^ 

; ' lOVS 4 ^, ' ' / 

radius = — — inches ^ 

height = inches. 




20. If we let x = the number to be found we must maximize the 'function 



Since f»(x) = 



f : X X.- X 
1 



X 1-1 

1 - 2x =yO when x the number iof ' 



21 • If X represents the length (and width) of the box /n, inches, 72 -*x ' 

/ T2 3x 

represents the maximum girth, so/ihe maximum height/ is , ^ ^ or 

36 - I X. Hence, the volume V = x^(36'- | x) = 36x? - ^ x^ =: f(x) ^ 

' , , ' f (x) = 72x - I x^ = 9x(8 - |) 

f,^(x) = 0 if and only if x = 0 or x lS# Hence, diraerision'of - 
parcel of this shape with maximum volume j^e^ 

length -16 inches 



width - 16 inches 

< - 

height = 8 inches, 
*and its volume is 20U8 cubic inches 



22. 



' - A = f(x)^= 12x^-«2x^, 0 < X < 

^ f»(x) = 12 - 6x^ = 0 if X = >^ ^ 

' f(0) f (V^ « 0 and f (v^ = 81^ . 

The area is a maximum if the dimensions are 2W2 by K, 

4 ^ 
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I ' ^y^* Le* t be*th| d^pth and w' the^wi^th. j^^^ ' ^\ 

? ^. - Then 2d -f w » 1*. 'For the cro^^^^ectiona^^' • / 

^* ' ' Tarea ^ we have* A = dwi The futfction to^ ^ ' ^ \ \ 

^ be maximized is ^ , / , ""I 



' • 2' 

f : d ->2d(7 -^d) = lUd - 2<i , 0 <4 < 7.- 

- '"^^ < ' * 

- ' f'(d1 = ll4 -'lid = o' If d = |- . • :\ 

1 f(0). = f(7) = 0. and f(|) = . , ; - . 

The trough should be 3 | inches deep to carry the most vater, 

'. • ' ' ^ - . : 

2U, Volume Is proportional to cross-sectional area, 



f«(x),=^ - X = 0 if X = 5j y = 2.5 '-■'If 
25., ' A = (^^)x = I X - x2 = f (x) . 

- • f-t(x) = I"- 2x = 0 vhen. x s f 

^. . . - 
Sincfe.each siSe is J tlje rectangle is a square: 



- -' - 73 • 



A «.x(lfOO - Sx) = f (x) 
f«(x) = 1*00 - W 

Tf 3 100, pasture is 200 yd. X lOayd. 

(a) Area = x(l20 - 3x) • 
f (x) = 120x - 3x^ 
f«(x) = 120 - 6x, 
If f5(x) =' 0. X = 20, • 
120 - 3x = 60 

Area is 1200. sqxiare feet ^ 

(b) Area-=: x(i22^) ^ 
\ ^ '= 6qx - x^ = f(x) . 



X X 

UOO - 2x . 



BARN 




120 - 3x 



f»(x) « 60 - 2x. 
. If f»(x) = 0, X = 30, 



120 - 2x 



= 30. 



120 - 2x 
2 ♦ 



Area is 900 square -feet. 

G I =t Nl|^1.50 - (N - 10) *033. = 1.80N - .03n^ where N = number of 
^hou^ands. /. - 

1.80 - \06n = 0, if N« 30. ' 
' 30,000 labels ViU produce ^j^inrum gross indome for printer; 

' If X represents the number of weeks and P. th^ profit, then 

• I J 
^ * * 2 * 

P = (100 + 2px)(5 - |) 500 + 75x - 5x « f(x). 



f »(x) = 75 - lOx^ 
f »(x) =0, X = 7 I . 



The ansver is^seven weeks; the 
(The number t4 is not an an^er^ 



eighth week will not add to bis profit. 



since it is not, in our domain-.) 



33. 



" 35. 



36. 



5. ^ \ 



If X* repr.esents the nuaber of additional tree plantings, then tiie crop 

' C = (30 + x)(i*C)0 - iox*) = 12^00 > lOOx . lOx^ =Nf(x): 
.f*(x) = 100 - 20x,= 0 If X = ^ 
total ntimber of trees per acre *ls 35. ' . . 

Profit = (3xf+ 6) (2 . |) = -x^ + i*x~+ 12 = f(x), where represents 
the number of weeks he shoxild wait. f«(x) = -2x + If = 0 when x =-2. 
He should -ship In* 2 weeks, <5r J.uly I5. 

If we take \ 'as the number of dollars added to th^ rent, the 

2 

profit = (80- - |)(5i| + x) = 1^320 + 53x - \ = f(x), and 

f (x) = 53 - X = 0 when :o = 53- Since | must be an Integer, we 
. use either 52 or 5lf aS rent Increases, so that the rent is either 
$112 or $11 If per month. (As was the case in Number 26, the answer 
obtalped is ;iot in our domain, so the nearest members of the domain 
have to be checked.) " ' * • , 

^ Trie volume of the cone is given by 

' V =y<^^ - ^) = where ' 

. 0 < X < k. f «.(x) = |(k^ . 3^2) p 0 • 
If ■ X = . ® 

f (■^) = ^^^pf^^ ., f (0) = 0, and 

f(k) = 0. Thus, the maximum volume is at the interior. ©oint x = — 

J : — . - ' 

The maximum volume Js • cubic units.. 




r = - 



' \ , . ' " * '''' " ' 

37. We express the area of the rectangle in 
, — -term8"^f the length of ope side. 



" A = i« = (Ar^ ' w a F(w) . 

We want to maximize the function 

- .^1^0^^ 2 • \ 

P : w -^w Ar - w on [0,2Rl- 

For -the maximum, ^Fprf^ we shall determine the value of w for which 

f,: w ->w^(UR^ - w^) = UrV - w^ 
is maximum- Accordingly we seek an appropriate zero of 

\ *. f« : w -»8r^w - Uw^ on [0,2R]- 
' ^ Taking into account the constraints o/ the problem we conclude that of 




the zeros of 



is the one which maximizes f and F- Thus, the rectangle of 



S.' maximiam area is a square of side R- 

/ 38 ► By the figure arguments of Number 37 ve see that we need to , 
- maximize the functiqn 



/ 



G : w -*2AS - w + 2v on I0,2RL 
Equivalent3*y> we must maximize the function ^ - 

: w U(Ur^ - w^) + 8wAr^ - w^ on [0,2RL 
Simplifying^ we get .-^ • ' 

g(w) 3 16r^ + '8wVifR^ - w^, 0 < w .^2R^ 
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of Change : Velocity and Arcceleration 

' #-^^V®^°^^^y and |icceleration are in^troduced examgltes of the derivative , 
int(&fpreted a^ a rate of change. It will probably be obvious that accelera- 
tion i^'a "second" derivative of the original position function, but^this 
terminology should be avoided unfil the next section* Whenever notation 
TOfjblems arise we have renamed^ the velocity function so that, we may concen- 
f^pe here on the notion oi rates of change without introducing f". ^ 



Solutions^ Exercises 2-8 ' ^ ^ 

(a) Rate of change of area of a circle with respect to its radius r 
is the derivative of r xr , which is r 2jcr = C. 

(b) From Example 2-9c the rate of change pf the volume is the deriva- 



h 3 
tive of r ^ icr"^, 



which is r -4 kicr - S. 



2. (a) By definition the velocity function is the derivative of the distance 



'function. We know thpt ^he*^oiynomial function 

535 



2t^ -•39t^ + 252t 



f : t ^ s 

• has for its derivative the function 



/ 



(b) 



V 

6 
5 
k 

3 
2 



t V = 6t - 78t + 252. 




•(c). 




(d) The zer6s are 6 and ^ 

te) The veiJoclty is zero at t = 6 and t = ?• 

-I' ♦ 

(f) When t 6. 

(g) Since s = 5 when t = 6, the greatest* distance is 5 units* 

(h) Since, from part (g), the greatest distance on [5,7l "^s 5 units, 
we require that 



- 2t3'^ 39t^ + 252t . 535 = 5^ 

^ We must solve the equation 



7 



\ ^ ' 2t^ - 39t + 252t - 5Vcr 0. 

«^ ' ^'since, by part (f)^^we know that t = 6 is a root^ we can factor 
to obtain - - 



or 



. 6)(2t^ - 2rt.+ 90) = 9 



\t - 6)^(2t - 15) = 0. 



Therefore, s = 5 again wherf -^t = ^ 

. (i) At the endpoinii when -t = 8. 
"(j) The speed (absolute value of velocity) \ 



when' t = 



/'^/v^^ .-3v 12t 78 units distance p/er units time per units time. 



Is greatest <5n [6,7] 



/ 



4 



(a) .f': t'-.8 =88(t -.*!) , ^ ' 

: t'-»v = 88(1 - i) . ' ^ ' ^ 

When V = 0, t = 5; h^nce 5 seconds are required. 

(b) Jimen t = 5,' 5 = f(5) = 220. Therefore, the^ cai: will go '220 
5eet (alas, sometimes les^) . , ^ 

(c) a 5S -38.7 (ft. /sec.-). ^ . 

(d) Distance = 25 ft 

(a^ 'For 8 seconds, s = 256 feet. For 9 seconds, s = li^li^feetT 

At' t = -1,^ or t = 11, s is negative and may be interpreted as 



fielow the surf^e of the ground. The maximum height seems to be 
UOO nW:. re/chea after 5 seconds. 



(b) A table ea shown where there is a unique i|uin)Der for under etch ^ 
t represents a function. The domain is 0 < t < 10 or the inter- , 
val [0,lJb]. The tange is 0 < s <\oO or the interval Co,UOO], 

(ci (1) Yes 
(2) No 

(d) Every real number for^ t 6ver the' 
interval • 0 < t < 10, would produce 
•"a value for s, sfo we were justified 
in connecting the points. The fact 
that -^he graph appears to be a parabola 
suggests that the funct-ion is quadratic 



(e) 



For 



■ t = 0 

t =r 1 

t =^2 



s = f(t) L At^ 
f Co) = C = 0 

f(l) = A 4. B'= 1>1* 
f(2) 1*A + 2B 256 

ir, B 




^ B ■= 160 



160, 



and, C = 0 
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(r) 



'Slope of chord throujgh points 

(1, Ikk) and (2,. 256) =^112 
.At t 1, it vould be a » 
Tittle larger (steeper) than 
112; ai\t=:2, slightly . 
smaller than 112* 




(g) 



1 2 



Slope is measured in units -of feet per seconds Velocity is thi 
usual' name. Positive values would indicate upward movement; ze 
a resting position; while negative values would indicate a falli 
or downward movement • < 



At t « 1, V =; 128* 
and at t 2, v = 96* 




-160 



(i) 

a) 



>e. (fit) 

(c) 



112 ft. /sec. for each. 

The slope of the line v = l6a - ^32t is in units of feet per^ , 

secind per second* The word In physics is acceleration J -32 

^ 2\ 
ref?rs (in feet per second pei' second (ft. /sec. )) to the accelera- 
tion due to the force of grav .ty at sea level- 

t(lO - 1) 



t = 0 or t = 10,' therefore, the 



men s = 0, l6t(lO 

projectile atrikes the jground after 10 seconds. 

Since f : t 8 = l60t * and f.^: t 4 v =» 160 - 32t, the! 

velocity after t seconds is 160 - 32t, ft./sjgc. I 

'When t = 0, y = I60/ hence the^itial veldcity is 160 ftlk/sec; 
ff 

81 



90 



(^)* Frc»n part (a) we know that 'the projectile strj.k^8 the gound Sfter 
.10 seconds. When t 10,'' v « -l60. Therefore, the impact 
velocity is -l6o ft^/sec^ i^e., the pellet strikes the ground with ^ 
a speed of l6o ft»/sec* 

(e) 38lfft. 

(f) 38ifft. . - ' 

(g) Since _ f*(5) -^0, jlhe projectile reaches its maximum height^gfter 
^ seconds. ^ ' ' ^ ' 

(h) Since f(5) = i^OO, the projectile reaches a maximum height of , 
if00,ft. ■ ^ ' 

(i) ' From parts (f) and (h) we compute - ^ 

^ HOO + (kQO - 381f) f ^ ^ . ' • 
^ to obtain a t*otal distance of kl6 feet after 6* seconds. 



(a) parabola 

(b) f : t V = 96 - 32t 

(c) When ■ t = 1, s = 96 - 1^ = 8O; hence, the ball is 80 ft. 
above the ground. * ' i V 

(a) When t-= 5, s = f(5) 80; hence, the ball 1,8 80 feet above ^ 
the ground. . 

s^(e) ^ Since the -bfell reaches a maximum height of Ikk feet, we compute 

Ikk + {lHh . 80) , ' 
to obtain a total d^fetance of 208 jfeet after 5 seconds. " ^ 
<f) Since v = 96 when t 0, the inftial velocity lis V6 ' ft. /sec. 
(g) Since 's = 0 ^when t = 0 or t ='6,^ the* ball is in the air f^^ . ^ 



6 Seconds. ^ | ' M 

[hj Since v = -96 when t ^ 6, the impact velocity is -9p ft./seci 

\ i.e., the ball strikes the grounS at a -speed of 96 ft. /sec. 

(i) It is -32 ft. /sec? ' . ... i 

(J) t -♦s = \i6f + 96t + 200 . ^ 

(k) ' G : t s ^= l6t^ + 96t + 200 ^ ' 

(i>' 't -»,l6t^' ' r . 



f'(t) = 2ct 

= kt, where k = 2c .is a positive constant. 



9. (a) 



f(t) = v^f - I fft^. 



The velocity is given by 



whence 



f*(t) = Vq - gt, 



(b) • v 




1 .2 



\s = f(t)vQt -|gt 



t 



V = f • (t) = Vq - gt 



f it) = ^ -^8t = 0 if t = ^r- 



(c) . 

(d) f (t) = t(v - I gt)^= 0 if t=0 or t=^ 



Th^ velocity on return to the initial ^0 foot level is given by 



ft(_0) 
g 



-V, 



0* 



(e) 



Let v^ ft/feec = the impact velocity. , » . 

We know (that (v^)^ - (v^)^ = 2gs 3ince (v^)^ ~ ^^0 ^t)^. 
Since ty e" (Obj'ect is traveling downward, g. is positive. $hus/ 
(v^) = (vq) + 2gs and (v^) = (v^^ + 60g since s » 30. 

Hence/ v^ =: /(v^)^ + 60g. * * . ' ^ 
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10. From Exercise 9) the height of the ball at time t ^ ir given hy the 
function i' ' ^ 



f-: t ^V^t - l6t . 



'^Rjls function is maximum Vhen f*(t) = 0 

- 32t 



r(t) = Vq - 32t = 0 



or 



t = 



32-'- 



a?he maximum height in feeti' is, "therefore, 

v5 



^321" 0^32. 



From Exercise ^6, ^ the" maximum height In'feVtT^f the ball from the point 



of release is 



5? • 



Hence, from ground level the maximum nieig^t in feel is 



^0 



+ u. 



• SIT 



+ U = lUB. 



V„ - .1 96. 



• Since the. toss musfeie in the p^ie'ltive ( up), dire5>*ionV>i|Lsie must throw 
'•the-baU 96 ft./se^-^.^ ^' ■ ; t " 

12. The height above the- , ground of the 'dropped ball is" 128 - :^t^. The 
* .height of. the tossed bkll is' 61tt - l6t^f ■ The 'balls colUde wWen ' 

0 ' i~ 128 Ji6t^'i 6^ - l6t% \ - . 

i^.,.vhen t = 2. 5^e velocity of th'e drc^^ytoiLl J^^^ 
derivative of 128 - l6t^, i.e., -32t; . '^-^/cJ' V"' " . 

At t.^2, i^bT-velocity <i8 -61* ft./sec. TheweX^«^ of the tossed 
ball is given by the derivative, of 6Ut - l6t^, i.evt|^, - 32t.-, f ^ : 

Ati t = 2, its velocity is 0. ' ' - ' .1 

^ / ■' ''' /■■i ■ • . ' . ' ■ ' 
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6ot^ + 30tp 120tT 



Ih. (a) Ik t < 8 

(b) V = 0 and t = k 



• ♦ 



i2at - let" 



15. 



. (a) When s = 12, t = i 




(b) 



When t = i , V = 16; when t.= | ', v'= -l6. 

•The velocity is .16 ft./secf when the ball first reaches a height 
_ of 12 ft, and -16 ft. /sec. when it again reaches a height of 

12 ft. (The speed of the_b,aJJLJ.§.„the .^me each time it is at a 

height of 12 ft.) - ■ '■ 



32 - 32t, at t = 1. -> 



On£. second after^ being tSrown it reaches its highest point, l6 feet . 



16, (a) s = 6Ut - 8t ana maximunf s ="128 since m = 6k - l6t and 



t. = for maximum s. Since \ h k, s = 8(t - = 8t^ - 6kt + J^8. 
But s is the distance from 128 back toward zero and so we iliay 
write: ■ •• _ ' ■ 



4 



s = 128 - s = 6kt r 8t^ for t > 



Sinjce the upward travails described by s = 6Ut 6t^ for 



0 < t £ we have for • the^ entire trip jbhe functi^on /-.s 6ht /st?, 
-0 < t < 8 since s again equals zero when t = 8. 



Solutions Exercises 2-5 



!• ' f " ! t -> 12t - 78 / . 

2* (a) The point (0,0) Is a minimum. 

fe(b) The point (0,0) Is a point of Inflection. 

.3«s (a)^ ^'(^) = 20x\+ 20y? - 60x^ - lOOx - 1*0 



= 20(x \ l)^(x - 2) ' ' * , . 

f"(x) = 80x^ + 60x^ - 12(»c'- I'OO^ ^ * • ^ 

= 20(x + l)^(lfx - 5) ^ ^ ^ . 

(b) The zeros of f * occur at x = -1 and x ^ 2. We attempt to apply 
the second derivative test and obtain f"(-l') = 0, f"(2)»= 
Slnc»e f"(2) >.0 it follovs that f( 2) . is a^itroal minimum. The * 
I (Criterion o^ this section gives us no inform^ion about f(t-l) 
^ (but ve observe that there is a*reversal of'^ sign of f • from^ 
positive to negative so that f(-l) is a local maximum)^ 

^„ J =s X - X + J. = t X « J. J ^ 

(b) f"(x) =,lfx3 -'Ifx = + l)(x -,1) 



hi (a) f'/ttc) = x*^ - 2x^ + 1 = (x^ 



(d) f";-i) = 0 

(e) f'(x) > Q for all x, so the graph o^f''*'f is rising (or Ijorizontal) 



for all X. The graph of- i . islforizontal at = J^'l 

f"(x) < 0 for all X < -1, 

f"(x) > d for -1 < X < 0 ,^ 

f"(x) < 0 , for 0 ^ X < 1 , ' ''^ • 



f"(x) > 0^ for all , 



, , concave 
c6nv6xr 
concave** 
convex. 



(f) graph: 



* The relativ^ maximum p6int is \'2',0) ..^^ 
4? The relative minimum point , -9 .^^ ^ ' 



f"(x) = 2Cf(x t.D'^Cljx - 5)- 
. Th^^ra^ is flexed downward for x < ^ and "flexed upward for 
X >fr ; f{-l) \is a Ijcal {relative), maximum, and f{2) is a local 
(relative) minimum. f(-l)*= 11, f(0) = p, - f (|) .= - ^ , f(2) = 



20x?' - 5C^^-.,;*0x 




V 




J 



8. (a) (1,1) i;^, a point of inflection (ill). 

:(l,l) is a relative minimum point (ii), 

(c) (1,1) is a relative maximum point. /i).* 

(d) (1,1) -is none..of these -(iv). 



■1 



.1 " 



\ 



r 
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13 




•(a) (Vll, (-3,g),.and (l,,3) ' 

'('b).(-l,y and (1,-3) 

(c) f(l) = -3 ' ■ 

(d) f(2) r 




'10,^ (l,0) is relat-ive maximuin * 
• j2;-2) "is a point of inf^le6tion • 
{3>-^) ^ relative njinrmum 

II- 'A(g), B(h), C(e), I)(f) ^ " . 

^ f2, ia) (2,0) as a mi^jpatipi poinl* 

* , (i>)^'^(^>0)'. 3 point 0f inflection 'with iiori" 
^ ^ (c) (2,0) -is 3 minimum. point. 



■9'9 >. 
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13'. (a)^ (-2,13) is a relative maximum goint. 

Cl,-lM • is a relative .minimum point. 
(- l**?".^)- is a .point of inflection-. 
' , (b) (-2,32) is a relative maximum point, 
.(2)0) .is a relative*^ minimum point. . 
(0,16) is a po\nt of infledtipn. 

(c) (.2,27) is a reJLative maximum .poitilt. 

(• (-1^0) is a relative minimum p^oint. 

. 1 27 * 

(2^*2^) ^^^^ point of inflection. 

(d) is a relative maximum point. 
^ '(1^0), is a relative minimum point". 

"/ (0,2) is a point of inflection. 

Ik. (a) f » : X -r> . l8x + 2k 

I (b) Relative maximum 'point is (2^,2), 
Relative minimiom point is*.(U,-2). 



(c) f" : X 6x . 18 > • 
^.(d) (3,0)' 



'■(e) fC3) = -3 

(f) f'W = 3x^ - l8x + 2h = 3(x - 2)(x - 
f»(3 + k).= 3('3-+ k - 2)(3 + k - It) 
='3(k + l)(k - 1) f 
. - = 3(k2 - 1) ■' 
^ : " ■ 'f'Ys -*k) = 3(3 - k"- ^2) (3 -"k - It) 
= ^(-k^ l)(-k - 1) 
= 3(lc^ - 1} ■ ' 
, • f»(3 + k) = f'(3 - k) = 3(k^ - 1) 
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(h)' The graph of f 'ife. symmetric with respect to the point of 
inflection (3,0), since >for -every point (S + k, €(3 + k)) 



-on the giFaph of ^''f ther/ is a corresponding point 
/3 - -f(3 + k)); i.el, , , A 

f(3 - ky= (-3 + .k) 



f • : X 3ax 



f"f X 6ax -• 2b 



more the sij 
b 



15." . f : X -*ax^ -» bx + cx + d, a 0 



+ 2bx + c 



The linear f fiction f" has a real zero' since a 0. Further- 



of f"(x) for X < - is, different from f"(x) for 
ia 1 



X > - 



3a 
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l> " ^ 16. '(a) 



s 





r 



-10 



( 



R - 



,{\>y ^The zeros of f are '1- (of multiplicity three) and -2 (of 
mvatiplicit> two).. ,^ • ' 

■ r 

,Cc) 'At'^(-2■,o) . the graph is flexed' downward, at (l,0) the graph ^ 

* ^ * (' 
* N " is* flexed neither upward .nor downward. - » 

(d) Same^as part (c). . ^ * 

; {7. (-ir-§)>' (1, ^) ^ . - ' ^ • * 

.18» (f' " §^ is relative minifaum point. ^ . . ^ 

• - • ^ . . 

19. (0,0) 'and (-1,-11) are points of inflection. I . j /.^ 

; 2o< (a)' f ^ g ^ * . ^ * ! ' 

♦ (b) .(i) This is a^ Xr intercept point for each of tfee functions f ' 

and g. A zWo of g *is -1 since* g(-l) = 0. Because 
^ . y . (-1,0) i§*als6 a relative maximum point on the graph of f, 

. ' we know that -1 is a zero of f ' of multii)licity two'. 

\ (i.i)'^This point (0,-2) ' is a point of intliectiorf of .th4 ^^raph;^ 
. of ^ f as well as the y-ititercept point of that gi^aph*. 

^ ^ (mi ThiS y-intercept P9int (0,3)* on the graph of Ig is^the 

* miniiifum* point of the parat)Ola. ' . , • ' • ■ . 
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(iy)- This xrinlaercept point (1,0) of the graph of ' g indicates 
% ' that ,the other zero oi* g is . 1* 

(v) Thl^^int {1,-k) is^a, relat'ive minimum point an the graph 

. (vi) This x-intercept, point (2,0) -'of the graph of ,f #indicates- 
'^that the remaining zero of f is 2. 




21. f(.x) = - 3x + 2 

' , =,ex - l)^(x + 2) \ 

(a) 2, 1 (of raultipl'icVty tvo) 

i{b) (l,0) is relative minimum point 
* (-1,^) is relative maximum point 
(e,2) is point of *irif lection 

*' .(c)" graph: 

• y = x'^-3x+2 
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,22. Zeros'are'a (of multiplicity/^'wo) and 

'.'(b) . {Q,U) is a releiTive maKiraum''polnt 
• (2;0) Is a relative minimum pointy 
(1,2) is th^' point of inflection 



(c) graph: 



if 





i 


1' / 

, 73; 


V " \ * * 


/ ^ 




11 


\ ^^^^ S 




1 2' 3 


= 2Ax V'B and. ^ 




f"(x) = 2A. 



If the point *{xQ;f(Xj^)) is a ^oint .of inflection we'must satisfy the 



% condition 



f"(xQ) 2A =^0,. 



But we liave the^ restriction A ^ 0. Tl er-efore^ the graph of ^ 
f : X ->Ait^ + Ex + C; A ji^ 0 has no point of inflection* • ' * 

We 'have f*(x) = +-6x - 1| ar^ * 

. f*'(x) = 6» + 6, ' ' ' 

To find the point of inflection *we let^ f"(x) =''6x + 6 = 0 and get 
X = 7-1. By the usual arguments we~"3&n:d'e^ that the point of inflection 
rs (-1,3). ^Tie slope of the. tangent at, (-1,3) is' f'(-l) = -7^- An 
eiquation of the tangent is *" - ^ * . * 



Solutions Exercises 2-10 



• 


(a) 


f,rfor§). = !t.-52 . . . • 




(b) 


y = -0.0l|8 + U.52(x - 0.8V. 




(c) 


0.81 


; 2. 




f«(l.5)'= 6.75^ ' ' 




(b) 


y = 0.375 +«6.75(x - 1-5) 




(c) 


X s 1 . UUU * 


' '3. 


(a> 


' • s / 




(b) 


f(l) < 0 and, f(2) > 0 




(c) 


Use the method bf Example 2 


"It. 


fa) 


f(0) > 0 and f (l) < 1 




(b) 


f» : X -^.3x^. - 12* ^ 




■ (c)' 


f(0) = 1 and V{0) = -12 




(d) 


X2 = 0'- 0.08 




*(e) With »2 ~ "® synthetic substitution; 

1 0 -12 ■ 1 ' . I 0-08' ^ 

.08 " -.ooeit -.g'^sm ■ 

'1 , .08 -11.9936 .OU0512 «-f(.08) , 

I 0-.08 

" • ' '3 .2k- -11.980S » f*(.o8) ^ i . 

it) X3 = 0.08 - ~ 0.08 + O.So3k «, 0.083 



3 0 '-12 

■) t '.2k .0192 
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f(x) = ;.3x^*+ 2 . • fjM = 3x^ V 6jc 

f(2) I -2 ■ 

■■ ti-y x^ = 2.7 • • • 

f(3) =2 ^ - . 



• •■ ' 1 -3 . 


0 


2 


[_2-7 . • ^ '.; 


-2.7 


-.61 


-2.187 




0 ■ ' 1 ■-0-3 


-..81 

- 


-0.187 = 


f('2.7) * - 


3^-6' 


0 




1 2.7 • . 


• 8.1 


5.67* 






3 2.1 

> 


"5.67 = 






= 2.7 


'Oil87 


^2.7 + 


.033 - 2.73 


Consider the function f : 


X -> X"^ 


+ 3x - 7 




ffx) = + 3x - 7 1 




• 


f'(x) = 3x^ + 3 , • 


f(l) = -3 

take X = lA 

f (2\ = 7 . 








1 0* 


3 , • 


-7 ^ 


f*(i.M = 3(2.96) = 




1.96 


6.9U!* 




\ 1 l.U 


U.96. 


-0.056 = 


f(l.U) V 



1-0 3 -7 ^ [i.ui (a. 1+1) 5: 8.9643 
^ i.ui 1/9881 7.0^3221 

• , 1 . l.Ul U.9881' .033221 = f(l.4l) 

' ■ ; ^3 ■ - . ' . • ■ • ; 

To two decimal places a zero of the function f is* l.Ul. ^T?heref6re, . 
an approximate solution of x"^ + 3x ^ 7 'Correct to ti/o decimal places^ 
Is- l.Ul, * , :,t . ' ^ . 



} 



Solutions Exercises S-^U 



1. 


n 










( 




1 ' 1 




K = 


l'x'3, X, 3 X U X 5"" 5'. *" 120 




■3. * 


(a) 


«(x) *= x!^ + "gx 


^ 1, f(2) = 2 














>• 




q(x) = l,>vp(2) 


= -6 • 


















We have • 


' ; ' _ • 










f(x) = (x - 2)g(x)" 


+ f C2) , 








g(x) = (x - 2)p(x) 


+;g(2), 








pCx) = (x - 2)q(x) 


+ P(2), 








q(x) = q(2).- 








Therefore , 







. « ^ 

* f(x)^ (x - 2)[(x •- 2)p(x) + g(.2)] + f(2) 

_ ' ' ' = (x - 2){(x - 2)[^x'--2)q(x) + p(2)] + g(2y + f(2) 

. =(x -'2){(x - 2)[txir 2)q(2) t'p(2)] + g(2) ) ;f ' f (2) . 

' > ' • ^ . ^ - *. 

< . (f) • From part (ej we 'have ' ' t 

*■ . ' ' - 

'tS-^... • ' - ' f(x) = q(2)(x - 2)3 + p(2)(x - 2)^'+ g<2)(x - 2) + f(2) 

• Substit^ftng from parts (a) through (d) 'we get ' ' ^ 



1 ^.f(x) = l(x.- 2)3 + 6(:c .-2)^ + 9(x'*- 2) + 2. 



"™Theref6ri, = 1, b!= 6, C = 9, and ,I> = ^. 



(g) f^ - X -*Jx^ - 3 



f">:*x-*"6x ^ ^ 

f"« •x46 .* •' 

*(h) t(2) = 2, .f'(2) = 9, f"(2) = 12/ f'"^) = 6- 

• (1) "5o; = 2, "Y; = 9, 2! " ' ,3! " 
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(3, j.triM, B^.m, c.#i 

(a), |5(2.1) = (2.1)3 ^ ^^^g^ _ g'^ 

^' |f(2.l) =2 

. g(2.l) = 2 + 0.9 = 2.9 

hC2.l) = 2 + 0.9 + a.06 = 2.96 
''\ FCS,!') =2 + 0.9 +^0.06 + 0.001 *rf 2.9^1 
*'(b) ' h i' X -4 2 + 9(x 2) + ^(x " 2f 
(c) g : X ->'2 + 9(x - 2) 



Jd) X -3(x + 1)^ + 2 



x'-^a^ - 3a + (3a^ - 3>(x - a) + 3a(x 

2 3 if ' 
X . x-' . X 



(a) .^x ^i Vx + |^ + |5-+ Jy. . 

* . 2 • 3 
F»» : x'^ 1 # 3f + |r + |r * . 

2 ' ' ' 
F«« : X 1 + X + |j* * 

(UV - 
F^'^rx-^l + x^, 

^2 U - 6 8 X 10 " 

(b) f. :x-l-|,.fr-|^^ir-for^' 



X -X + 



x3 




X^ 








7! 




2 

X 


• k 


6 

X 


,f .g 
X 


2! 






" HT 


x3 




x^ 




3! 








x3 






9 • 

"x^ 


31 


5! 




'.9! 


2 






8 

X 


X . 
2t 






" El 



-3 5 7 
,^m^ : X X - 3, 5! "7? 

{k)' " ■ : x2 x'^ x^ , 

« • ^^=^-2r^irT-5r . 
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6. (a) 



7. 

* 


' 0 ' 


* - 

0 


-2 


3 




-1' 




-7 


7 


-7 


9 






7 


-7 


' 7 


-9 


12 






7 


-7 


7 


-9 


t 




-X 



21 



7 


-11* • 


21 


b — 1 


7 


> 

-11* 


. 21 




' -1 ' 



\ ^ 7 


-21 


'1*2 . ; . 






7 


-21 
-7 




-1 




7 


.-28 


S 

• I, 






•.(by f' : X -»12 - 


30(x + 1) + h2{x + 1)^ . 28(x + 1)3 + 7(x + 1)^^ 


* 

< 



This agrees r%he result of Ex§mBle 2-lla . 
(c) linear x -» 12 - 30(x .+ l) ' - 

: quadratic x ^ 12 - 30{x + l) + l42(x + l)^ 
cubic X ^12 - 30(x + 1) + i42(x + 1) - i^x + l)- 



V ' . (d) faixfn^^and flexed upvard 

' • 2 ' * ' ~ 

7. f : X -v-ax - + bx- + c 

/^"^ X -^2ax + b 

f":'x ->2a 

:f « : x^-> 0 * \ 



.1, 
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Teacher's Commentary 
§ ^ Chapter 3 ' * ^ ^ • 

CIRCULAR FUNCTIONS . • 

In Chapter 1 we c:ot^Bidereci tjne algebra of polynomial functions; then in 
Chapter 2, the? calculus' of the same functions. We continue this "functipn - 
calculus of function" sequence in Chapters ^3 and 4 respectively." 

' .Unlike the polynomial functions considered in the f'irst two chapters we 
now discuss functions^ which have the property that their function values 
repeat themselves In the same order at regular intervals over the domain 
periodic Tuii€>tions, We shall consider several types 'of peficJdic functions' 
in the couilrae^^of the tex^C, tut in Chapters 3 and i+ we invite the student to 
focus his attention on the circular functions. You may wish to refer the stu- 
dent, to Appendix 1 for additional work, with circul-a:^ functions as veil as 
discussion of other p^||.odic , functions . We do not intend 'for this chaptei^ t'o 
be (or.ev^n to review) a iSourse ii?^^^' solution of triangles, We^expect that 
this 'aspect of trigonometry will have been studied' in a previous course. That 
is not unconditionally necessiary, 'however. -We do hope to cultivate an atti-, 
tude' that .^ill prove useful to the stud§»t.' We want the student eventually 
to be able to th^nk.of the circular functions a^ purely numerical functions 
a]Dart fr(5m th^ ideas ojf 'the g^e>metry of the triangle:, ^ ^ ^ 

If a student is able to think about the circular functions analytically 
ve^ believe that ^e ^(Jan then develop^ systeniatic computational techniques for 
their use and .greatly expand tbeir range of application. For example, the 
property of the circular functions essential for higher analysis is their 
periodicity, a property to which the consi^Hrlitions of elementary geometry- 
an5 tn^gonometry scarcel:y point, '^e role of periodicity in our understanding 
"^.Gf natural phenomena is profound. The cii>ayj.ar functions correspond directly 
^ to the. 5 impj.es t periodic motions, the turning Of a wheel or the motion of a^ 
particular transcribing a circle at uniform speed. Yet combinations of these 

same^ el^mentar^- circular functions can te used to represent th^ most Intricate 

^ \ ^ 

■'^ -3^,.. periodic phendinenaA» 



^1 



% 
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In Section 3-^ it would seem useful to point out that^ the simplest 

periodic motion is that of a wh§el rotating on its axle^ Each complete turn 

ft 

of^tjie whQ^l brings it back to the position it heiyi at the 'beginning. After * 

a point. of the wheel traverses a certain distance in its path about the axle, 

it returns to its initial position and retraces its course ^gain. The distance 

traversed by the point in a complete cycle of its motion is again a period, a 

period measured in uniSs, of letjgth instead of units of time. If it should 

happen that equal 'lengths are traversed in equal times, the motion becomes 

periodic in time as well and the wheel can be us^d as' a clo<5k. 

' ■ * 

The concept of circular function is based upon ideas (like the idea of 

lijj-tCpwhich are not usually stated precisely until a more rigorous course than" 

tni|« Nonetheless, the circular functions are too important to neglect* Be-. 

ginning with this chapter we use them freely, ass^iiming all the propertfes which 

are familiar- to the student from his earlier courses. Without concern for a 

. strictly logical derivation of thes^ properties, we shall argue geometrically 

and intuitively to obtain thos^ pi/operties central to this course, . 

We use the uv-plane when we define sine and cosine in terms of the unit 
circle, but later (Section 3-3) •we display^ the graphs of x sin x" ^and * 
X cos X on the xy -plane. We do this to a-t^oid the confusion which might 
result if we^were to teach the student- to try to visualize x as the measure • 
of the horizontal axis on the. plane of the unit circle and at the same*^tin|e as 
the measure of length of the circular arc* We believe that the* use of u >end 
V is pedagogically more satisfactory than trying to get x to wear two hats 
in Section 3-1 and in the transition f^om Section 3-1 to Section 3-3* 

^ ■ - ~ , : ■ V, 

A more exact way of defining sine a^d cosine is by a composition ^of two 
functions, one fjtpm the -set of re^ numbers to the set of geometric points dn 
the unit cirqle and the* other, from the set ofV^rints on the circle to the set 
of real ^lumbers* 1?hus, if x is a real number^ari^ if P is a point on the 
unit circle, we have a function ^ ^ ^ 

' f : X P ' 

&nd anpther function ^ * 

g : P Qps X, . ^ > " > 

from w^hich we obtain the composite function ' , 

gf : X cos X. , 

,The sine function can be similarly defined* We believe, however, that the way 
in which we have handled it in the text, while possibly less rigo^&s,, is 
.certainly easier to teach and is perfectly adequate for our purposes* ^ 
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* Our^ experience suggests that the fact that cosine and sine are func- 
tions from rfeal" numbers to real, numb e]?'^ .needs- jto be emphasized » Although we ^ 
have'Used the cqncept of arc length, sine^arid cosine can be-Wpleteiy 
divorced from any geometric qonsiderations . They are functions on the set 
ofi real numbers in the^same *sense as polynomial or exponential functions. 
Tijaditionally vhen one spok^ of sin A, a j^iude^rt thought' of A as the 
measure of an angle. He may have thought df <A . as^^beihg the degree measure 
or radian mejasure of an engle,^ but the ideal J^hat A. ^need have no connection 
^vtth an^angle has been foreign to*many studant^ in^our experience. 

There are three closely related, though distinct, kin^s of trigonomg trie 
functions passings under the same 'name. First, there are the.trigonometrrc , 
functions of geometrical objects, namely, the angles intr^^duced in geometry. 
Then, when we introduce an angle measure, the functions, are Yunctions of a 
real variable.^ The real functions depend upon the measure of "the angles. 
*Thus, the numerical function| obtained by measuring^'angl^s in dfegrees (a relic 
of the Pabylonian sexagesimal numeration) are not the sam^ as th^ functions 
obtained' by measuring the angle in radians. Since an angle measured by x 
degrees is measured by radians, a ^trigonometric function,' say the sine 

* function, defined in terms* of degree measure is related to the corresponding 
trigonometric function defined i-n terms of radian measure by 



sin° X = sin x . 



Central: aftgles are related to the unit circle as the chapter progresses . 
Having begun with functions/connected with an arc lengtli^ x ^units, we expand 



our considerrbion to deal with sine, and cosine as time functions, using cot, 
where o) (as is the case ,ln most sci<snt^ific applications) ' i^ the measure of 
angular velocity. 1 ' ' ' * 

When we use a ^raiph to enhanc^Hhe student's understanding of fi function 
which maps real number^ into real numbers, we give a true, picture of the func- 
tion only when Ve use Ihe same scale on both axes. However, it is sometimes 
.desirable to distort tfie grapk by \i9ing. dif-ferent^^cales in ,ox:4er .,to show imr 

V porbant det^ls vhich^might otherwise be indistinct or donfused, and when we 
graph an equation which^ describes -the relationship between two physical quan- 
tities, the question Qf equal -scales may be meaningless. If the pressure p 

' at time t is given by an equation 'of the form p^= A cos (ojt + p) , we^ can- 
not use the same scale on the p-axis as on the t-axis because there is no 
common measure for time and pressure. Because thi^ situation is one of j^ommon 
occurrence in Applications of the circular functions, ve have not always in- 
sisted on the equal-scales principfe. - « 
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' Solutions Exercises 3-la 



/ 



(a 
(b 
(c 
(d 

(e 
■(f 

(a 

/ 

(c 
(d 
(e 
(f 
(a 

(c 

(a 
(b 

(a 
(b 



120 



30 



-^1 



0°. / 



/&10" 



// 

11 

2 



- 1 

I 

T 

3 

13^t ' 

12 i 

If, 2n 

•(n - •2)«, 2« 

2 



>/3> 



\ 2>, 2' 



5 



(g) 


1^80° 


(h). 


61*8°' 


(1) 


585° 


(J) 


,270^° i^o 
(-^) s 86" 




(126)0 > 


(i) 


(^)° = U9° 


(s) 


'2 


(h) 
(i) 


\ 

10 




5^^- .007, rad. ' 


\ 

(i)' 


Qit J2v 28 . ^ nad 


(d) 


2' T" .- . 


(e) 

1 


23« 


.(c) 




(d) 


(-1,0) 



3 



2jt 
. 7 

1^ 



^. 106 

114 



(a) (i)^ 



^"^^ . 2(2«) + J = 3(2«) ^) 



■ (ill) i{i=.8(|) + f = 9(|) + (-|) 



(15) (i) 
' (li) 

. (iii) 

(c) ^i) 



31 



a|, = .5(|)M,-^=.-6(|)Mg) 

f « = 2(2«) + = 3W)^+ (- f) 

28 



•(ii) • ^« = 5(«) + (|^) = 6(4+ i-^f) 



(iii) f .« =ll(|) + (^) = 12(|W (- ^) 
v(d) '(i) - ^ = -2(2n) + -(|.«) = -l(2n) + (- ^) 



(It), -f « = -3(«) +"(5) = -2M +\(^) 
J iii)* : ^= -6(|) + (|) = -5t|) + (A|L) 



(a) 



Q,(4,|) 
Q3 (0,1) 



.% (-1,0) 

1 ^\ 

2 ' 2^ 



(0,rl)' 
,1 



h 

if 



\ 6 (± - 11) 

ni 2 ' 2 



(b) 

(c) 

(d) 



.^Bvery other one; i.e., Qj^, Qg, Qg, Q^^, have the same 

ccxjrdinates respectively, to P^^, Pg, .., Pg. 

You cannot read^ of f values of functi6ns in such a way. Countless 
counter ex&mj^les can be^ readily seen; e.g. 



sin -.+ sin'O ^ 
2 = 1? • 
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8. (a) 



'Kjj-.CO,!)- . 



Kg (0,-1)* ' 



(2) 



(3) 



(6)\*- ^ 
_1_ 

1 



(■7).. 
(8) 

.(9) ■ 





(5) ^ • 


.1 


(10) 




9. (a) 


1 i' 1/3 

2' ^' -2 








/ 


1/311 
2'^> 2 






Quadrant ' I : 




sin 5: cos 




cos ^ ; 


sir) = COS ^ 




1 1 1/3 
•2' ^' -2_ 

^ 1 


1 - 
" 2 


V 


- V . 

Quadrant II: 


• (c) 


1 ' .1 

■2'-'-^> 
>^ 1 


2 ^ 
1 

* " 2 




Quadrant III: 



sine positive* 
cosine positive 

sine positive 
cosine negative 

sine negative 
_cosine negative 



ERLC 
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.1 ."i" 

i 

:5 _L 1' 
' 42 



Quadrant IV: 



sine negative, 
cosine positive 



(e) (i) Quadrants I and II. Quadrants III and IV. 
J- . / . 

(ii) Quadrants I and IV. Quadrants *II apd III. 

(iii) II; IV; I; III. 

id: (a) P (cos l^sin |) -or P (:|,|) • 

P (2 cos |,2 sin |) or P {1/3, l)" > <5 

, * P cos |, sin |) c(r P (6, 2>^ * 
- . P (R cjos |,R sin |) or P (| V3,|) 

(b) %T(2 cos X, 2 sin ^ . 
^ ' . ■* 

T(7 co^ Xy^ sin x) i ' ^ 

* - . ' ^ 

1<| c<fs X, I sin x) . ^ , 

T(r coj^ X, r sin x) 

11. (a) Use similar triangles^ to show that S = Rx. ' 

, - (b) ^'=: Rx-=^'lf(|)-« SjTvij^che^ 6.3 inches. 

(c) S Rx =-15(|) = 5rt inched I 15-7 ihche^. , ' 
S =-R:f = 15(72 '" jg^) « 6j( inches- « l8,8 inches. 

(d) S = Rx * ' 



(i) I =^ R(|) 



It . 

3 ° 



' (iii) 10 = R(^) 
(iv) \ X = R(|) 
(vj ' 3x - R(|)' 



R = V 



R = 2>,^ 

R, = ^ = 19.1' (inches) 
R=^ 

R = 3(%) A ■ . 
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. ' 2x = \ \ R = 2 ' ^ ' ' » 

lOx Rx * / . R = 10' * . , \ J, 

(f) S = Px or R = —5-. 10 (constant of proportionality) 

.10' 

4 _ - * • 

10. ■ ■ 

"3- • t, ' ' Jks--' 



• 


S = lOx 


If 


X ^ Jt, 


If 


2jt 






2 




A = 





(c) doubled;, halved; tripled 
1 T.2 



^d) A = R X, ' where .x is arc measure 

. 1 ^ S * ' < 

^2 5>>-^sincfe arjpXength i^^radlus x.arc measui^e 



I S = (|)s 



i,e,, Area of sector is prop6rtional to arclength ' where. the 
constant of proportionality is* | . .(S = R • x, or = -)'^ ' 

(eO_ A^= |^=^(12)' « 108 , (ip §q. in.) 

(f) doubled; halved; tripled. ^ ^ ' 



1^ 



> 
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9 I 



(b)'*For any integer n, x + 9tijt .corresponds,^ to trips around the 
circumference of the unit cTircle ^( clockvise,^ if n <0 a^id counter- 
clockwise if n %J0), After the' circumference flas been travers^Ji 
n -€imes we arrive back at the s^ame point, vhose coordinates may.be/ 
written either as ^ !f 

, ^os (xm> 2n7t)r^sin (x + 2njt)) , , . • ' 

or ' 



^nce, ' 



and 



' (cos x', isiTi;>x) . 



cos yi = cos (x + 2n7t) 
sin x;4f6in' (x + 2njt) • 



' 1 



Note: 



Solutions' Exercises ^-Ib 



We use- linear Interpolation since close to a point a line serves to 
approximate the graph of sine tor cosine. 



1. "(a) sin 0.73 =5^.6669, cos 0.73 0. 71+52 
♦ • . - ->* 

(b) sin (-5.17) = sin (-5.17 + 27t') * 

z sin-i:a\ s o.9a57* 

. . cos .(-5.17) - c^s 1.11 s:. %l|I^li7 

*' fc) sin 1.55 » 0.9998/' COS. 1.55. = 0.'0208' 

^ ( (d), ' sin 6.97 =1^(6.97 - 2it) • , 
z sin 0.69 '=^;;€). 6365 
cos 6.97 - COS 0.69 w 0:7712 



(a) sin X Z 0.1098^" X 0.11 

(b) cos X z 6T913I, .X z S),h^ 

(c) sin X = 0.6518, X SI 0.71 

(d) cos X z fi). 51*03^ -*1*00 

(a) sin 



lln . JT 

-12" = sin 



» sin z sin 0.26 
sin ^ s .25?], ■ 



\ 



sin 



lljt 




7- 



0 

, ERIC 
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' 120 • 



(b) 



= -COS 



2jT 




(d) 



» -COS 1:256 

5 

Interpolation / . . 

cos*1.25 = 0.3153^ 
cos'l.256 = • ? 
cos*1.^6 t: 0.3059 

Difference = 'OOQWr \. ^ 

Either cos I.256 « 0.3153 - .6( .0095) = .3153 - .0057'= .3096 
or co4,l,256 ^ 0.3058 + .M.OO95) = .3058 +'.0038 = .3096 

cos ^ -.'..3096 - ' ' ► • ; 



sin 11.50 = sj.n[2(6'.28 - .I.06)] 
::'si,n(-1.06) 
z -sin(1.06) 

COS klf =\os{366'' + 57'') ^ 



11:50 



cos 57 ^ . 



K cos \( Since 57 ^ ,1 radian 



2,0.51^03 
. (aj sin .22^= .2l82>^ 




sin ,x = .2231>' ^ 98 
sin .23 = .2280 ' ^ 



95 



^in 11.50 = -sin 1.06 



•.-5 



I 



X = -225 



JA _2_ 

20 ,10 



.772 



ERIC 



(c) Vin 1.05 = oMlh\ 
'sin X = O.QUh^ 
sin 1.06 = 0.872i^ > 



1 



50- 



'(af-Vs i.39 = 0.1798^ 

' «)s X = 0.1759 
eos l.kO = D.I7OO 



J 39-. 



98. 



kO ft. 
X = 1.058 



5. (a) .sin 75° - O.966 

» -(b) Either cos-^liiO° ^ cos(l80° - 1+0°) 



= cos (-1+0°) = cos kO"" < 

or • cos Ikd^ = cos(90°.+ 50°) 
^ .-sin 50 . 
= -.-766 / 



' r 



(c) sin 1+^0° = sin(360° + 1^0°)^ ^ > 

' = 3in(l20°)* ^ / 
= sin(l80° r 60°)' 
= sin 60°\ ^ ' 

_z M6 

(d) ^cos(-iv60°)* = ^os(-360° - 100°) 

= coai-100°) 
. . = cos^lOO°) ' 
'\ " Either cos 100° = cos(l80° - 80°) = -cos 8o° 
* or . cos 100° = cos(90° + 10^°) ^'^n 10° 
i.e., ' cos ^60^ S5 -OJTif 




100^. 



er|c 



* -Ilk : 
1/22 



3-2 




(a) 


:if- 


kin 


X 




then 


X 


(b) 


If 


cos 


it « 


0.61*3, 0 

(? 


theri, 


•x 


(c) 


.If. 


sin 


X a 


-0.819, 


then 


X 


(d) 


if 


cos 


x' = 


-0.087, 


then 


X 



, 610°. 
°/305°. 

O ,Q_0 



^I. • (a)', f(3«) = f(«) = -1 



(b-), f (^) = = I 
(c;. f(f) f(|) = 0 

2. (a) ,= p _ 



Solutions Exercises ^2 
■ (d) f(^ 



(b) f (1) = ^ 



^3' 
/it\ 



2 



(c) f (|) = 1 



(e) f(-7« 

(f) fC- if) 

(d) f(|) i|- 

(e) • f(it) * 0 

(f) f(f)i=4 



= f («) = -1 



3. (a) X = I + rut 

(h) x=,^ + nn 

Jf. (a)' 



sec Q 



sec 0 - cs 



cos 0^ 



(c) X = nit r 

A I 

(d) For-*a]|3? values of x. 

1 

cos 0 



sin e 



cos 0 ^ sin 0 
sin ^ . 



sin 0 4 co8,0 sin 0 -^cos 0 
sin 0- cos a ^ • ' *• ^ 



(b). (i) 



(ii) 



ta'h 0 + sec 0 
' sin 0 cot 0 



cos 0 cos 0 

^. . cas 0 

sin |0 — ^ 

y »sin 0 



1 + sin 0 
, cos 0 
j;os 0 



1 + cot 0 

CSC 0 



Ij- tan.0 
sec 0 ' 



1' + 



< cos 0 - 
sin 0 



- sin 0 + -C05 -0 
sin 0 



a. + 



9in 0 
sin 0 



cos 0 



sin 0 

cos 0 + sin 0 
cos 0 



cos 0 



cos 0 



1 + sin 0 

2 

qos 0 



=- sin 0 + cos 0 



= si»:0 + cos 0 



1 



(iii) sin 0 CSC e = sin 0 
cos 9 ^ec 0 ^ cos 0 
tan 0 cot 0 = tan 0 



sin 0 
1 

cos 0 
1 

•tan 0 



= 1 
= 1 ' 



(a) (i) cos^ 0 • sin^ 0 = cos^ e - (l - cps^ 0) = 2 dos^ 0-1. 



cos 



' 6 • sj.n^ 0 = (1 - sin^ 0) - kn^ '0 = 1-2 sin^ 



2 ' 2 

i.^ Z5 ^4. sin 0 ^ cos 0 \ sin 9 + cos 0 ' ' esc 0 ., 
^ili) .tan 0 + cot 0 = + .^jjp^ = sin 0 cos 0 = ^oT^ ' 

/. ..N 1 1 1 + cos 0 + 1 > COS 0 2 2 

^^^^^ 1 + cos 0 1 + cos 0 = , ^ _ 2 ^ - .2 , - 



\ • ^ o COS 0 1 

(K_COt 0 CSC 0 • 



1 - COS 0 

COS 0 
2 

sin 0 



sec 



ic 0 - cAs 0 



1*.' ■ 



cos 0 



COS 0 



COS 0V^ 



COS 0" 



1 cos^ 0 sin^ 9 



2 2 2 2 

(b) (i) ,(l - sin 0)sec 0* = cos- 0 sec 0 = 1 

(ii) (1 - C9S? 0)csc^ 0 = sin^ 0 csc^ 0=1 

' o 2 »2 ^ 2* 

(iii) C0t7 0(1 - cos 0) =^cot 0 sin 0 = cos^ '0 



(iv) sec^ 0(1 - cos^ 0) = sec^ 0 sin^ 0 = 



2 

cos ' 0 



tan^ 0 



(a) sin^ e + colp^ 0=1 



- gin'' e , • J_l_ 

> . 2 ^ ^ *" 2 ^ 
cos 6 cos 0 

2 2 
tan e + 1 = sec 0 

(b) ' First, we need tb;»'fina AT, '"^ 
the second coordinate of T? 

AT 

t^n 0 ;= ^ = AT 

~ Next, find the hypotenuse OTt 

^ -QA 1 'Am 
cos 0 = - :;?r ; • • OT = 
OT OT - 




tan 0 



COS 0 



.sec 0 



* 2 2 

Now, ve 6an read from the drawing; 1 + tan 0 = sec 0 

'* - ■ ' 116' 



1.2'4 



.(4 



2 2 ♦ 

*flln $ + cos 0,;=5- 1 



1 + 2—.= 2~ 

sin B , sin 0 

2 2 / 

1 + cot e = CSC e 



^ ^ ' COS 0 cot 0 ' 



\ 2 

Xii) sec^ 0 + csc^ a f csc^ 0 C^^^ ^ + l) = csc^ 0(tan^, 0 + l) 
* CSC 0 



2 • 2 
sec 0 CSC 0 



2 2 * 1 . 1 

sec 0 + osc 0 = — =1;^ — + 



2 '2 
sin 0 + cos 0 

2 ~ ' o' 2 ~ 2 2 
cos 0 sin 0 sin 0 cos 0 

sec 0-csc 0 



•(ill) sl;n 0(1 + cot 0) +-cos^ 0(1 + tan^) 



= sln^ 0 csc^ 0'+ cos^ 0 se.c^ 0 = 1 + 1=2 



(a) Mn(x + h) -^sln x = PS -^QT 

^ ' '^?S - R9^ 

' ' 5 PQ^lnce PQ 

* is hypotenuse 

of rt. ^RQ. 

(b) Bu^lJihord PQ < arc P^ % 



. ' . Using part (a) 
' sin(x + - sin ^ < PQ < ar8 PQ { 

or |sin(x +, h) ^ sin'Jcl < |h| 
(c) cos(^x t^h) cos X = or - OS ='ST = I^Q < P^< fSn hfe ^ 




jcos(x +: ivr'7|ps x| ^|h| ^ .-^ 

(a) A^O *^ APNO; -^lias cooi^ainatesj* (-cos x,%-8it^^x) 

(b) ARMO APNO; . ' .\r ' has coordinates (^cos oc, ' sin x)^ 



''9. (a) Since coordinates of P .are cos x, sin x, coordinates of 
are ' (-cos x,-sin x) . t - - 

(b) (i) : cos(x - It) = cos x)] % 

^. U = cos(n - x) ' (Using (6)) 

= -cos X ' (See Number 8) 

(ii) sin{x - n) = sin [-(n : x)] ^ * - 

^ = -sin(n - x) ' * (U;5ing (6)) 

• * . ^ ^ = -sin X - * (See Nvimber 8) 

10. mo = ^SR ^ 

.coordinates of R are (-sin x, cos x 
^cos(x + I") = -sin X 



SiJl(x + p = COS X 



11. /a) cos(oc + |) = Sin [| - (x |)] = sin(-x)\^ 
= -sin X 




(b) (i) cos(x + n) = sin-[| - (x + n)] = 'sin [-(| + x)] J7) 

■ (6) 
(T) 



= -sin (| + x) 

= -cos [| - (|+ x)] = -cos(-x) 
= -cos X ^ 



(ii) sin(x + n) = cos [| - {x + n)] =" cos [-(| + x) ] 



='cos(| *^ x) 

= sin [| - (| + x)l = §in(-x) 



= -sin X 



. " (6) 



• (7) 
(6) 

. (7) 
(6) 
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(c)/f;ti) .cQa(x - «,) ^---cSs^ - x) 



= sin [| - .(it - x)] = sin [-(| - X.)] 
= -sin (| - x) 



\ 



> 1 



- • - ^ = -cos x . 

j.(.U)- ^iji(x--,Jt) ='-sin(« - x) 



(6) 
'(7) 

(6) 

•'■(7) 

-(4- 



-COS (- 



= -sin X 



\ iVM U. • / 

" . X 


' COS X 


1 cos' X i 


(Rad.) 

2. 

— X * 

T 

— . & — 


J ,0 




p 








-CW)000> 


0.00005 


, 0.15 • 




0^01123 


0.t)1125 


0.3 


^9553^ 


O.OUU66 . 


^0.0U500 


0.5 * 


0.87758 


0.122U2 


0.12500 


' 0.6 


0.8253^ 


O.I7U66 


O.I8QOO 


, Q-7 




0.^3516 


O.2U5OO 


6.8 ' 


0.6967' 


0.3033 


0.3200 


0.9 • ■ 


0.6216 


O.378U 


O..U055 


1.0 


0.5^+03 


O.U597'' 


0.5000 


1.2 


6.362U 


0.6376 


0.7200 


* 1.5 V 


0^0707 


o'.9292 


1.125 


2.0 


-O.I1169 


I.U169 


2 


■ k.O 


-0-652U 


I.652U 


8 ^ 


6.0 ^ 


0.2771' 


.7229. 


18 






✓ 





(rt.-.x)] ^= -cos(x - |) , (7) 

x) ' .... . (6) 



^Though the students have 
available only the h'^ place — 
tables, some of the values 
near x= 0 are given' from : 
5-place Tables for the benefit 
pf the teacher. When x is 
Very small, thi^ inequality is 
vei*y nearly an equality. When 
x.^^0, ^it is an equality. 

cos 2 = •cos(l.57 +' -^3) 

= -sin(.U3) = -.U169 
cos U = cos(3,lU + ,86) 

= -cos .86 = -.652U 
cos 6 ^ cos[3(l.57) ^^-1.291 
= sin 1.29 = ,2771 
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Because -1 < cos-^f Sih^ < cos x < 2, no matter how large 
X is.' The value cif--'-^ , continues to' increase, e.g. , 



- c 



1 - COS 


X . 


X 

2 


Rang^ z 




Range « 


0 to 


1 


0 to 1.23 


1 to 


2 


1.23 to h.hg 


2 to 


1 


k.kg to 11.10 


1 to 


0 


11. to^ 19. 7^+ 



In Quadrant I 
Qua(^rant II 



. J . "JTherefore this inequality is useful only vhen x is very ^ 
neaf zero. When ^ > 2, it is obviously useless.' 

(a) sin 2x = sin(2x + 2jt) from periodicity of sin, 

. = s'in 2(x jt) , a'nd' the period is ir. 

' ' / ') 

(b) sin ix = sin (| X + 2jt) ' 



2 
\ 



= sin i(x + and the period ife hjt.^ 



(c) cos hx = cos(^x + 2jt) 

= cos k{x + |) , and the period is ^ 



I * 



(d) COS. I X = COS (| X + 2jt) 



pos i(x + hit) , and ther^#'i6d i-s 



If a is a period of cos, it must be true that- , 

cos(x + a) = cos X - ^ 

for 'all X €"R. In "particular, it must be true if x = 0: 



' . COS' a = cos 0 



But the^dj^^^^|c>int;on the unit circle wi/h abscissa 1 is (lyO)> 
whi«h corresponds, to x = 0 + 2njt. The/proof for sin is similar; 



use X =':^*. 



• • ••• • 




6: (a), (b)r(c), (d), each is 



represented by the same graph, 




since ' ^ * 






-sin X = -co^x - ^) 










-1.. 


s= pin(x •+ It) 






= cos(x + |) 








IS-, 



1- 



(a) i' - 1 = cos X 



(c) 



y + 2 f 2 sin"2x 



(1>) y + 2 



:ain,| 
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.8. (a) 

■(c) 



y = Isin^l 



- - y =»^|sin 2x| 



3i . ^ I 




9. ' (b); 
(c) 



y = |sin(x - |) | 

Since |sin(x - ^) ] 
= I cos X I , 

y = l^intx - |) I 

- [cos x| = 0 



) i'.... ly tz -|cos x| 




10, U) 
(b) 
(c) 



tT--^ 



y = sin .X 



y =scos X 



y = 1 Since 

2 2 
sin X +' cos X = 1 




-To the teacher: It is obviously simpler to graph -y = ein x_ and 

* 2 2 1 < 2 

' y i= cos X when the student knov^ sin x = ^1 ->cos x 



ahd cos X = ~(1 + cos 2x) . Then (a) and (b) c^n be 



written as y, 
respectively. 



1 1 

^ = - ^ cos 2x and 



; and lb; can be 

1 1 / o 
^ " 2 ' 2 ' 
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Solutions Exercises 

We assume that the vords domain and range are familiar to the st\^dent. 
Nevertheless, it may need to be noted that the range ^is twice the amplitude 
for these functions. ' * ~ S-Tj; 

y ' ^ 



1., (a). 



2 
I 

0 
-I 
-2 















UUJ 


u 






















Vs9 fit 




at 






































































/ 






























— • 




















i 
































3 









































































































4 



- . The period-.*fcs-s.-^^^ ^ , 
The rahge^is < y <'2, 



if 



'(b) 



3 ' 




























t1 








The period is it* ^ 
The range? is -3 < y 5 

t 








y 








it 








































A 




































Sr 




































\ 






^ --.^ 

0 






























\ 






L 4 






V 














3 










' _ 










4 








t 




4 










4 














J" 










— 




















































































— # 


































































































































































































































































# 


















7 






















































































































































-rr 






















































































































» 
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M 














2 


V 
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The ronoe i8-4£y£4 














































































































= 


I 








I 


d 





2! 



'f: 
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(a) 




The period is 
The range is - 



y«2 sin. X -COS. X 




The period is 2jt. The range is -v^ < y < S ' 
(We could only expect the student to approximate this i^ange,) 




♦ 0^ 



St = 3 • -J • 

t arc length = 2jt^4) = 8jt 

t (ii) t = 2: arc length ^ 2iti'2Ti=\it * 

, (iii) t = 6: arc length = 2jt(6) = 12jt 

-(iv) ;t ''« t^: arc length = 2jtCt^)' = 2jttQ 



2irt 



^^-i 



lERIC 
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-t*)- doubled'',, "tripl^' 



"7'(cr*If ' CO = ^, t = 3, then st = r 

(i) r =^5: are- length = ij" ' 5 = if «■ 
• t\ |^ -arc lehgth*= ^ • | = ^ « ' ' 



(iii) r = 10: arc length = ' 

r 

9« 



10 



(iv) r b R: arc length = ^ • R r 

(d) halved, doubled 

Q ' 9 

(e) If r'= 10, ^ = I ^ ^^^^ St = 10 • 0) - 2 

(i) 0) = I : arc lengtk: U5(|) = ^ 

(ii) 0) = 



I : arc length: U5(|) = 15^t 



(.iv) (x> 



: arc length: U5(y)'= 30it 



4' 



arc length: h^icp) = k^^ 



if) ^doubled, quadrupled 
3. .(a) (i) « 

(iii^ (J ,-|)(!«.-|) 



r 





/ 




J ^ 




>^ 2 




" 
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tJ c> 



m 



■ 3r5 



J y = sin-x + cos x (see -graph) 



t- ■ ' 

pi.'- 

y.-V. ■. 



(ii) ."^b® problem antlxilpates later sections in this chapter. 
' ' ' • The p.eriod is /2it; 

the max., (^,^; aiid'the 

(i) This graph should be the same. Later , the sti^dent vill be able 
to see that \ , ^ 



sin X + cos X 



V?(cos X jcos ^ ^ sin x sin ^) 

ft 

= ^ cos(x - ^) ' 



t and 



sin X + 'cos*x 



v'S^Csin t 60s ^ + cos.x sin ^) 
=1^ sin(x -hr^) V 
jThej' stuSent alre'ady knows that 
>^ sin(»-+ f) = 1/? cosEf - (x + f)] = cos(f - x) . - 1^ cos(x - J) 
(d») ,-™d' graphs ^of (c) and (d) ^e the same. 

* "J. 

r? 

Solutions Exercises 3-^ 



\i • ' : — : — - — - 1 

V * * . 

(a) In (6) let a = = X ' , 

sin 2x = sin(x + x) = sin x cos x + cos x sin x = 2 sin x cos x 

'■^'^ 

(b) cos 2x = cos X - sin x 2 cos x - 1 (Se6 Example 3-5a) ' ' 

/ 2*^^ "2 '2 

= 1 - sin X - sin x = 1 - 3 sin x , , , 

' ^ i« ' 2 * 

(c) Similar id Example 3 -5a,, solve for sin -x in (b) above. 




Sfnce cos 2x = 1 - 2 sin x 
"2 



si^^ X - - cos S x) 
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♦ ' (a) Either cos x + sin x = i^(sin x cos | + cos x sin ^) . , 
' • % 1^ sin(x + ^) 

' = ^ cos(| - Tx 4. J) 

^ J2 cos(^ - x).= 1^ cos(x - ^) 
"~ • or ^ = i^(cos^it + X - ^) = 1^ cos(x + ^) 

cos X + sin X = i^(cos x cos ^ + si«^x(-sin ^)) 
= .1^ cos(x + ^) 

(b) cos X - sin*x = i^(cos x cos ^ - si« x sin ^) 

cos(x.+ J) = ^ sin(J - x) ' — 
^ = -y^ sin(x - J) = >^ sin(it + x - J) = sin(x + ^) 



t 




y t=' sdn X ' y = -sin x 

y = l2os X ^ ' y ?= cos X 



3. (a) tan{tt - p) 



cos 



sin g cos p - cos a sin g 
cos a cos p + sin'a sin P 




_ / cos a cos p \ sin a cos P - cos g sin P _ tan a • tan g 



cos a cos p 



cos a cos p + sin a sin 0f 1 + tan Of tan P 



^ (b) ^^Imfjar jproof to (a) with signs in numeFator and denominator inter^ 

(c) In (b) 'let P = a. 

\' Then tan 2a = tan(a + a) = " 

^ 1 - tan a tan a 



1 - tan a. 



(d) tan I 



sin 



a . /T 

2 +/"' 



cos Of 



a 

cos ^ 



^ Using Exercise, l( c) 
+ Using Example 3-5c 



Vi + 



" COS a 



cos a 



+ /I - cos a ^, 1 - cos a _ 1 - cos a 
' Vl + cos a ^ 1 - cos cx " sin a 



V 



/ 



COS a 1 + cos a 



a sin a 



sin a 



sin a ' 1 + cos a " sin a(l + pos a) " 1 + cos a 



cos- a 



Note: One might think that the result should be t ( ^ , . . 

However, if ve test quadrant by quadrant we find that tan j and 

1 - cos Of , , . , . 

always have the same sign. 

sin Of * I 

a 

If of interest to verify the result 

a sin Of 

tan zr = 7 — ; — 

2 1 + COS a - 

from the accompanying figure A. ^ ^ ^ ^ ^ — sin x 




cos X 



Figure A 
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-5: 



Similarly from figure B 



a 1 - cos g 
2 = sin a 



These "proofs" are restricted 
to the case where 0 < 0( < n • 




COS a 



cos a 



Figure B 



k. (PQ)^ - (OP)^ + (OQ)^ -.2(0P)(0P)cos(a ^ p) 



cos p)^"* (sin a 


- sin p)^ 








JVQ(cos P, 


1^ + l2 . 2(1) (1) 


cos (a - 


p) 






P(cos a, 


sin a) yt^^*^ 

























?: W cos a - 2 cos a cos p + cps p ^+ sin a - 2 sih sin p + sin p 

^ ^ =2-2 cos(a * / t 

2 - 2(cos a cos p + sin a sin p)- 2 - 2 c6^s(a - p) 
♦ /. .co8(a - p) =: cos a cos p + sin a sin p - 
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\^)x - cos(a + b)xy= |[(cos ax cos bx + sin ax sin bx) 
( -(cos ax co^ bx - sin. ax sin bx)] 

= sin ax sin bx' 
(a + b)x] = |[(cos ax cos bx + sin ax sin bx) 
+ (cos a^ cos bx - sin ax sin bx)] 



5. (a) 5tcos(a 



(b) '^cos(a - b)x + cosva t- - ^ 



= cos ax cos bx 

Tt It It « 



6. (^) siag = sin(J,- |) =sin J.cos^- cos^sin,^ 



Alternatively ve can use sin^ x = |(l - cos 2x) derived in 



Ntamber l(c) . Let x = -j^; then 2x = ^ 



and 



sin 



12 " 2 



(b) cos g = cos(J + |) = cos I cos I .- sin J sin | ^ 



or 



g = sin(|-g)tsiniL = :^ 
(c) tan li = tan(J + |) = 



cos -J = sin^^ - = ^xn ^ = 5- 

tan ^ + tan ^ 
1 - tan ^ tan ^ 



• /L±j^ = -(2 + ^ 
' 1 - >^ 



(d)' cosij<cos(^^|) 




er|c 




7. (a) cos^ 0 - sin** 0/= (cps^ 0 - sin^ 0){co8^ 0 + sin"^ 0) 



(b) cof^ife^=|(]^ 



tan 



tan 



(b) (sin 2 ^ 



= cos 0 - sin 0 

= cos 20 
+ cos 0) 
0 + cos 0 • tan 0 



2 tan 0 
0 .+ sin 0v 



(tarn 0 T^-O) 



2 tan 0 



I d)^ = sin^ I a + 2^sin ~ a ^os | a + cos^ 5- a 

1 ../I 



_2 1 
2 



1 

2 



= 1 + 2 sin - a cos -►a 

= 1 + ^n(2 ' ^)oc 

= 1 + sin a 

^'2 2 2 

(d) (sin 0 + cos 0) = sin 0 +,2 sin -0 cos 0 + cos 0 

^ =: 1 + 2 sin 0 cos 0 

= 1 + sin 20 



(e) 



2' tan 0 
1 4- tan^ 0 



2 sip 0 
cos 0 

sin^ 0" 



1 + 



2 sin 0 cos 0 

2 V 2 
cos 0 + siri 0 



, COS 0 

2 sin 0 COS 0 =:i;sin 20 



1 + cos 0 ^ sin 0 



sin 0 



1 + cos 0 



discos ef 

sin 0 (1 + cos 0) 



2 

+ sin 0 



1+2 cos 0 + cos 0 + sin 0 
sin 0 (1 + cos 0) 

2(1 + cos 0) 
sin 0(1*+ cos 0) 



sin 0 



[Neither side of the 'identity, fs defined if 0. =?jW.] 
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2 1 

.8» (a) cos X = |(1 + cos 2x) 



(b) cos^ X =r|(l + 2 cos 2x + cos^ 2x) 



2 

9. cos 2x - 1 -*'2 sin x 



= ^1 + 2 cos 2x + |(1 + cos kx)] 
= ^[3 s+ if cos 2x + cos l^x] 



, 2 
sin 


X = |(i - cos 2x) 


• 

sin 


1 

X = |(1 - 2 c6s 2x 




= |[1 - 2 cos 2x 




= jtB - ^ cos"2x 


(a) 


sin 29 cos 9 - cps 



(b) sin(x -y)cos z + sin(y -z)cos x - (sin x cos y - cos X, sik y)cos 



+ (sin y cos z - cog y sin z)cos x 
y= sin X c'QS^y cos z - cos y* sin 2^ cos 
= (sin X cos z - sin z cos x)cos y 
= sin(x - z)cos y 



1(e) sin 3x sin 2x = |[cos(3x - 2x)' - cos(3x + 2x)J 



^(cos X - cos 5x) 



(d) cos 0 - sin 0 tan 20 = cos 0 - sin 0 

, ^ ^os 20 

\ « cos 0 co s 20 - sin 0 sin 20 



cos 20 

cos (20 + 0) <;os 30 , .V 
= cos 20 ; = (Valid if cos 20.^ 0.) 
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(e) sin 30 = sin(2e + e) = sin 29 cos e + cos 29 sin e 
= 2 sin e cos a + t(l - 2 sin ejsin e 
= 2 sin e(l - sin^ e) + sin e - 2 sin^ 6 
= 2 sin e - 2 si^n;^ @ ^ sin e - 2 sin*^ e 
= 3 sin e - i^'sin^. e ^ ^ 



if) 



(g) 



Hence sin^ e = ^(3 sin 8 sin 3^) . 
sin 3x + sin x = 2 sin 2x cos x 

Hence, sin x + sin 2x + sin 3x = sin 2x[l + 2 cos x] 
sin X 



J 



1 + 



l_j__tan__x'_ 

X - tan X ^ _ 



cos X 



cos X + sin x^ ^ 



sin X ~ cos X - sin x 
cos X 



Hence 



2 2 
.l + tanx\2 cos x + 2 sin x cos x + .sin x 

' T fon 2 "'^ ^ 2 



COS X - 2 sin x cos*x + cos 

_ 1 2 sin X CPS X 
"1-2 sin X, cos x 

^ 1 sin 2x 
" 1 - sin 2x 



Solutions Exercises 3-6 



(a) 




Amptltude = 2, 
Period := ^ . 



i 
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(a) - y • sin X + 1^ cos X 

a 2tsin X • I + cos X • ^] 
^ = 2(sin X cos I + cos x sin |) 

a 2 sin (x + |) ' ^, ' ^ 

(b) y a -sin X + cos X 

8 V5 [sin 3c(— ) + cos X (-^)]- 
V2 V2 

42 (sin X cos ^ + cos X sin 
V5 sin (x + 2J) 

(c) y = sin X - (6s x 

' , = 2(sin X + cos k t- |)J , 

f\ = 2(sin X cos-^ + cos 5c- sin ^) 
= 2 sin(x'+ ^) . - 

d) y « sin X - cos X 

* = V2 [sin x(-r-) + cos x (- -^)] , 

^ V2 V2 ^ 

= V2(sin X- cos ^ + cos X sin ^) 
3 V5 sin(x + Tp) • 

(a) (i) y = i^--cos X + sin x 

" , = 2[cos X - sinx (j- |)] 

e 

lilt 



2(cos x cos -gi- - sin x sin -g^) 



2:>cos (x + ^g^) 



(ii) y = sin(x + |) 



(Soln- of Exercise 3(a)) 



sin(x/| + 2n) ^ si-nCx.+^ 



- x - -^) - cos ( -x -;&^) ^ 



s cos(x + -zr) 
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(b) (1) 


' y « cos X - sin x 








• = ^ [cos x(— ) 


>8ln x(-^].. ._V_„ _ , . 














= -12 ("OS X cos 


sin X sin |) ' 






-12 cos(x + f) 


4 

1 








* 

> 




. ■ ■ (11/ 


' y = ^ 8in(x + f- 


) (Soln. of Exercise 3(f)) 














= V§ C08(| - X 1 








'= .-12 C08(-X - 1 


) = 1^ C0S(X + f ) ^ ■ e» 



(c) (i) y = -cos IX - sin x 
? 2[ 



co« x(- J) - sW^)] , 



2(cos X cos — - sin x sin -y) 
4 & cos(x +,^) 



(li) y s 2 sin(x + ^ (Soln. of Exercise 3(c)) 

/ = 2 cos(| - X . ^) = 2 cos(.x . ^) 



= 2 C08(X + ^) 

(d) c (1) y s -cos X + sin x 

1 



= V5 [cos x(.. -^) - sin x(. ^] 

= >^ (cos X COS si^^ sin^) 

-t^ cos(x + ^) * ' ' 



(ii) ^ 8in(x + ^) 



(Soln. of Exercise 3(cl)) 



T 

I J' .-3 



V2 cos(^ - 3C - -i^-) 



= >^'c/os(-x .'^) = ^ cos(x +'^) ^ 



,1 . 



11*0 



1*48 



5. y = 9^ jBin jtt - cos nt • 

' (a) A « Vbl • 2|^+ 9 6 = = 6v^ (amplitude) 

y = 6>^-i^ sin «t - cos nt] 



6>^ 

=■ 6S sin «t cos Ht) 

(i) Form y = A sin ( itt + a) ; 

y = ej^ [sin jtt(^) + cos jtt(- |) ] 
. "T = 61^ (sin.jt-tf cos ^ cos at sin ^) 
^ 6,/5 siiiUt + ^ ' . ' 

(ii) Form y = A sin, (itt - a) : , \ ' ' 

'* 

y = 61/5 [sin jtt (-4) - cos (|) ] 

= 6^ (sin Tit cos ^ - cos jtt sin ^-5 >. . 
= 61/5 sin («t - ^) 

(iii) ' Fom y = A cos - a) ; 
= 6v^ [(<jos Jtt (- ^) + sin Jtt (^) 



V. — ^ + si/jtt sin SL) ' 



2jt 

== 61^ (cos Jtt cos — 
^ 61/5 (cos Jtt - ^) 
'(iv) Fom y = A cos (jtt > a) ; 



= 6>^ [cos Jtt (- |) sin Jtt (- ^)] 
= 6-/5 (cos Jtt cos ^ - sin jtt sin.^)_^ 
= 6S cos <Jtt + •yV 



1^ 
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' (b)^ 8ln(7(t - |) 



sin(7tt + 



COs(-ltt - = COs(ltt + y) 

cos(nt - ^) 



'(ii) 

(iv) 

(iii) 



(0 y = 6,/5 sin(nt + ^) 








/ 


f 














' ^ * Period: 








^ amplitude = 6t/o 




i^v ■ • 




. 2 J ^4 ' 




\ ^ 






\ \ 


y.' 1*1. 


2 * 








/ CD o\ 






» / 






^note scaless^ 


/ 











= k sin - 3 cos 



+ A sin (ot sin oc 



'A sin a = I*, A cos a = -3 
A^(sin^ a + cos^ a) = 3^ + 9 

A^'= 25, A = 5 

h 3 
^sin a = ^ , cos a = ^ , 

' a 0-927 ^ 2,215 

Answer: 'y = 5 cos(7tt - 2,215) 



ll*2 
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^ - Xb) y « 3ia 7ft + 3 cos Jtt 

A sin a -i*, A cos a = 3^ A = 5- 

" ' ' k ♦ ■ 3 

sin a « - cog a = ^ , , 

* ^ az 0,921 z 5.357' 
Answer: y = -5 cos,(^t - 5-357). 
'Tc) y = sin itt - 3 cos nt 



h 3 
- , cos a ^ * . 

5 ,.5 



A = ^, sin a 

J a It + 0".927 - ^^9^ \ 
Answer: y = 5 cos (nt - if.069) w 

C^) y = 3 sin nt + If cos nt 

3 ^ 
A = 5, sin a = ^ , cos a = ^ , a « 

^ Answer:^' y = 5 cos (nt - 0,6kk) 

(e) y '= 3 sin nt - h cos nt 



0.6hh 



5, sin a = I ,^ 



cos a = - ^ 

/ 5 



as: n.- o.Sifif ::'2.»f9^ 
Answer: y = 5 cos (nt - 2.i+98)- 



2 2 2- 
7. A = B + C ^ 

C B 
sin ct' = J" > COS. ct = J 




^S^*«A32though the dir^qtions in this problem do not ask for th§ Values of 
t at 'which the mxima and minima occur, they have been included in 
these solutions in case the question .arises. 



(ky 'A ^-J,*" sin a * |, cos a t= - , a » 0.61*1*. 

Hence, ^3 sin 2t + k cos 2t a 5 cos (2t^ - O.Skk) . 

Maximum value, 5, occurs when cos (2t - 0.6kk) « 1, or 

2t - 0.6hh = 0, t = 0.322. 
Minimum value, -5,, occurs vhen cos (2t - 0.61*1*) p= -1/ or 

2t ^ 0^61*1* = rt, t a 1.893. 

>. The period = "JJJ' " ~ ~ ^* 

Henpe, maximum values, occur at t ~ 0.322 + nit and minirJlum 
values at t a I.893 + nit. . / 



(b) A = = sin a = 



2 ^ 



cos a 



A3 ' V13 Si 

a a It - 0.589 a 2.553. 

Herice,' -e'sin 3t - 3 cos Jt - vTJ.cos (3t - 2.553)- 
1 



The period = ^ • Maximum values, 1/13, .occur vh^n 



2nit 



3t " 2.^53 = 0 +^-2^?, t « 0.851 + ^ • ; 



Minimum values, , occur when 



3t - 2.553 = 7t + 2nit, t - 1.898 + 



2n3t 



(c) A ='i^rTT = , sina^--^:, cos a = , a = 

Hence, -sin(|) + cos(|) = 1^ cosC|'- ^) . 



The period = -j- 
2 

t 7^T 



= )*>3t. ^Maximum values, 1^, occur when 



- ^ = 0 + 2nit, t := ^ + l*nit 



^ Minimum values, -1^ occur when 

t - I?l = it% 2n7t,* t = + l*njt. 
2 1*. 2 i 



1 " • :^ 



5 
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i ' 8; 



A cos (cot - a) + B cos ((Ot - p) . 

a A COS cot COS a + A sin ojt ^tn a + B cos<^a>t cos^ + B*^ sin a>t sin P 

= (A cos a + B cos p) cos a>t + (A sin a + B sin p) sin* cot 
= C cos ((ot - r) when ♦ 



C = /(A sin a + P sin P)5j;^A cos a + B cos p)^ , ^ 



•sin r 



^ A sin g 4- B sin p ^' ^ A cos a + £ cos* p 



•9 



' — — ' c , 

Since A, 3, CC, and p are real numbers', it follows that C is 
*a real number, and it is easy to show that 

0 < sin^ r < I> Q ^'cos^^ r < 1> sin^ r + cos? r ^ I, 

and therefore r is Jfei real number * , 

Given y = B cos {\xt, - .p) . * 
* We may assuipe that 0 < P < 2n . 

1. If \x and B are positive, ve s^t^^ n = co,'«^B = A, P = a ; 
' 2. If jA., is positive and B *is negative, set ^ = co, B = -A.". 
Then^^ «= A{-cos (cot - p>] = A cos (sttt r P + ^) • ^ 
If 0 < P < n, take a = P + n . ,4 
> *Ef n < P < 2n, take , a = p - n. . , , 



3.^^f^ is negative, set n =*-a). 

^ !rhe|x y = B cos (-cot 7 p) = B cos {qat ^ p) 
.^"^ = B cos [6Dt.^. (2nVpTl ^ ' 
= B 90S '{cot P») . 
\froceed as in 1 and^2^ S ' , 



4^ 



X 
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' Solutions Exercises 3-7 

1. (a) m(2ir) ^ n{rt) ' ' , } 

... m = Ij n = 2; and period Is 2it 

(b) mCHit) = n(6iT) 

^ m = 3; n = 2; and period Is 12ic 



^c) ia(i*) =,n(2) 



^jtr^^ V. m = 1; n = 2; and period Is H 



(d) .m{^) = n(^) 



.'. m = 8; n = 1; ary^ period is ^ 

' (e) 1-2 sin^ X + 2 sin § cos 5 = cos 2x + sjn x 

. m(it) = n(2x) '\ . . _ 

m = 2; . n = 1 ^n^ period = 2x 

. 'M- mU) = n(|) % -^'---.-i; . ■ 

m =i 1; n = 2; and period = 27r 
\ (g) m(2n) = n(2n) 

m = 1:^* n = 1; ' 4nd p^lod = 2Tr 




(h) Period^ of sin ^ Is \\ period of ]eln Is | 



Period of cos Hnx ^Is - period of |co6 4Trx| Is 

\\ . m(|) = n(|) * ' • 

^ =; 3' n s 8; and perl6d Is 2. t 



2 
3 
1 



• IT 




(a) 2ic, y , y , 



B sin Tix", 



n even . 



(b) The cosine terms; also the terms 

:{in our case, a = 2ic.) The function -being represented has 
the property tj^at K^x) = .f(?c) [odd .function! • This property 
holds fo^ sin nx but not co^ nx, Moreoveor, f (x) has the , 
property that, f(jt - x) = f(x). This property does not hold . 
for sin 2kx, k " integral, since sin'2k(ic - x> = -sin 2kx| 



It does hold for sin*(2k + l)x. 



5-' (a) 



y . 
■-3 



1— 



• -k , -3 



— I- 

•-2 



•-2 . 



"1 



1 

.. -2 
•■ -3 




..^.'^f' 
1;^^ . 'Cc) (i) y = (x) 



t'erlod: 1 



I.: 



t 
,1- 



¥1 





The maximum value is ^ ; the minimum, O; 
In'^the interval [0,1] we have 



(x) 



0'< X < I 



1-x |<x<l 



Period J 1 



Since (x + l) = (x) for all x, we .have a periodic . 



(ii) 



funct^l^of X whose period is 1, . 



y#>(2x) 




min: «0 



y = (i*x) 




1 



tperi^: 



max: 
min: 



X 

, . . 
2 



(iii) (nx) period: ~ 



max: 
min: 



1 
2 



11^9 



Id V ' 



(a) 



-1 



1 
2 



f(x) = [sin itx] 



1 

2 



.1 



1 
2 



■4- 



1 

2 



f(x) = [cos nx] 



(c) 1 



0-^ 



1 
2 



-o — 

1 
2 



f(x) ^ [2x] - 2[x] 



The function is periodic since • - 

f(x + r) = f(x)'=^ 

for any rational number r. The function has nb fundamental period, 
however, because there is no smallest positive rational number r. See 
Appendix Al-1. . . ^ ^ 
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^ ^ '^ Teacher's Commentary^ 

Chapter x.-^ 

DERIVATIVES OF CIRCULAR- FUNCTIONS 
* 

Following th^ initial general type of argument used in 'Chapter 2^^^ one can 
show thkt near the origitj/^Jie graph of y = sin x lies in the wedge between 
ihe'line given by y = x and y = (l - €)x for any positive €, however 
-small; hence the line tangent at tj;ie origin to the graph of y = sin ^ is 
given by y = x. We begin the chapterjwith a similar argument showing that 
the line tangent at (0,l) to the .g^ph of y = cos x is ^he horizontal line 
given by y = 1. We use the specific results, together j^itb the definition of 
derivative (as the limit of a difference quotient) and additTon formula (6) 
of Section 3-5 to show that J){s±n x) = cos x in Section 4-2. 

We could have generalized, the methods ofr Section h-1 to an arbitrary 
point"^ (a,f(a)) of the graph by expressing sin x and cos x in terms of 
X -v^*'- .This ^would also haVQ led to the result D sin x = cos x. 

The ^addition formulas of Section 3-5 provide us with a device for finding 
tangen*be to the graphs of the circular functions, at arbitrary points. Con- 
sider first the sine function and the pi-feblem of finding the tangent to its 
graph at the point (a, s^in a). Since 

^ X = a + (x - a) , 

we can write 

sin X = sin [af + (x - a)]. 
Using addition formula (6) we get 

(x) ' * * sin. X = sin a cos (x - a) + cos a sin (x - a) ♦ ' 

If X ^'is close to a, then x - a is small. Thus we can replace 

cos (x - a) and sin (x - a) in (l) by their best linear approximations,, 

* (using (1) and (7) of the last . section) . We have cos(x a} « 1 and 

sin*(x - a) s X - a. Therefore, for x near ^^a,' we can write ' . 

sin'x « (sin a)(l) + (cos a)(x' - a) - ' . 

as the best linear approximation. The equation of the tangent line at the > 
point (a , sin a) is ^ ^ • 

(2) y = sin X + (cos a)(x - a). . - 



For example, if ^ = f > then 

sin a = iCOs a 

and the^ tangent to the graph of y = sin' x at (| , sin ^) has the equation 

Similarly, the tangent at a = - has the equation 

y = sin 1+ (cos f)(x - |) 
r ' = 1 + 0(x - |) 

= 1; " 

that is, the tangent is horizontal at the point ^(^ , 1) . ^ 

Let us consider another point. The tangent at , |) has the equation 

y . sin^^^ (cos.f)(x . ^) . 

il^ ^. ^ 



2 



2' 



















\, 

's 

\ 




1 








S 


> 


c ^ 


f , 












1 












•* 



y ■= 1 • 



-2 +-^(x 



^ th.e tangent at (| , ,l) 
- the tangent a^t , ~^).^ 



^ 1 £(5, - ^) the tangent at , |) 
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All of our illustrative equations for tan gents t gjfcbo^ graph of y s sin x 
^at~'^(x^,, y^^) are in the following form ^ ^l^," > 



-vhere m is the 'sl^^^^^IThe slope of the tangent at (a , sin a) is co8__a. 

Considering.^Jhe ^cosine fimction at the point (a , cos a) and using a 
simila)r"^K>3^ac^, ve get — : — 

' - qi)s X = cos [a + (x"^a)l " ' 

a COS a COS (x ^ a) - sin a sin (x*- a). 

Replacing cos (x ■'^) apd sin (x - a) by th^ir beet linear approximations 
l'' and X - a respectively, ve^et for the equation of the tangent line. at 
> C0& a)^ ^ '* 

.y = cos a - (sin a)(x - a). 

Thus, the Slope of, the tangent to the^graph of the cosine function at 
(a , cos a) ^is -sin a, 

.Throughout our discussion ve obtain the graphs of functions by plotting 
points and connecting them vith^ a smooth curye* This gives us .a rough pic- 
ture/Of the function but may leave unans^pred for some Missouri students the 
question of vhether this process, is* legitimate* How do we know that, the 
graph between two points is really 'as smooth as we picture it to be? We 
could continue to plot pjoints even closer together to get a more refined 
picture of the beiWior of ythe function, but the tedious process would be 
less than satisfactory. Without interrupting the continuity of the text (and 
.. "the thought process for most students) we discuss here the shape of the graph 
of y = sin x, using our definition in terms of the ^unit^qirple and know- 
ledge of the derivative to further^ justify the graphs we plotted in Section 
3-3. But even tla*^discussipn "^s incomplete (e.g., we base our arguments on 
the intuitive geometrical ideas about arc length which we uce'd to define the 
'circular functions). ' ^ ^'^^ , 

■ \ • ' ' ' 
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m^v\ a»4 f iv^ .possibilities for the graph of y «; sin x between the 
po^ivfcs ^flsinf) and 'B(5,8in5). ! ^ 







• (1) 

oscillation 



(11) 
a gap 



(HI) • 
a comer 



(iv) 
convex 



(v) ■ 
concave . v 



Here we give simple tentative arguments to shofw that none of the firfit 

' ^ - . f 

four pictures shown can be correct t , 

We can rule out the possibility of oscillation if ve can show that the 
/sine fcmctlon is increasing between O' and | . We «eed to.sfeow that 



3 - 



^ ' if 0 < a < b < I" , then sin a < sin b. 

This statement ds a simple consequence of the definition of sin x as the ^ 
coordinate of a point which is/ x units around the unit circle from (l,0). 
Since we are interested in the interval | ^ x < J .we can restrict our 
attention to the first quadrant of the unit circle. If a and b are 
between 



0 and I then p(cos cr , sin a) and Q( corf b , sin b) must lie ia 
the first quadrant: Furthermore, if a <'b^ .i;hen Q is aWi--P, whfcb 



means that sin a < sin b. 



7 



15^ 




1 



If 0 < a < b < f then Q' is abo^ 



- 2 

The fact that the, sine function increases between 0 and ^ eliminates 
the possibility tKfett tnfe graph of, y. =^ sin x , can oscillate betweefi 
' ^ I 5 f f • ^® Figure (l) . 

* To show that'F.igure (ii) cannot be the graj)h ot y - sin x over the 

interval j < x < ^ we can show tjiat the graph of the sine function h3as no 
"gaps." (a complete proof of this makes use of the fact that the real noinber 
line Jias no "gaps" and will be given in Appendix Here we use an intuitive 

geometric argument about arc length to rule out (iiy* we can show that every 
horizontal line between y « -1 and y = 1 meets the graph of- y ='sin x. 
If that is true then the graph has no "|^oles#". More precisely we shall show, 
that _ . . 

if 'x. < x^ and sin x. < a < sin x^ then there is . 
(3)^ 12, 1 2 _ , 

• ^ a number a, where x^ < a *^ x^ such, that sin a a. ' 

^ This anlpunts to showiag that the graph cannot ha^e a "hole" between 

(x^,8inx^) and (x^^sinx^)- 



(Xg, sin Xg) 




There must^be an a,-**5c^^<a < x^, such that .P(a, sin a) 
, lies pn the graph of y = sin x and on the line y = ar 



To establish (3), ve again make use of the unit' circle defi'tiition of the 
sine function. -We draw arcs' of length? x^ and x^ units and thl- points 
P^(co8 , sin x^) and P2(cos x^ , sin x^) Horizontal lines through thSse 
points intersect the v-axis in the points Rj^CO, sin x^) and T^^iO , sin x^)- 



(cos Xg, sir) x^) > 




* , 9 



! (1,0) . 

The hypotheses of (3) tell us that sin x^^ < a < sin x^ so that the point ^ 
T(0,a) •Jiies between and ^o* % » ' , ^ 
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X \J .t 



The horizontal lin$ thrpugh T meets the unitniArcle in the point Q 
which lie8?;Between P, and ,P^. 'The point Q is a .arc units, from (l,0) 
so"tha't Q,;*ha^ coordinates (cos a, sin a).*^Now we see that <a,< x^. ^ 
Since the line-^Q is Jb^izorfterl, we must have '.sin a = a. Having established'^ 
(3) J w.e el-imtnate Figure [it) as a -possibility. ' - ^ 

> *Now we show that the graph has no^^* corners" ; i.e., that Figure (iii) cdn^ 
liO'Wbe apportion of the .sine curve. If a graph has a Qorner point the set of 
^Jbpe approximations on the rigBt and thdse to the left are not approxinfetipn^ 
"To the same number^ whence there can" be no^st linear approximation, to a graph 
6t a comer ppint.- ' . ' \ . 




vWhil€ a precise proof of this would lead vj^^ai^rai'lir'a^^^ we note that the line 
D:)imates the curve to the right of P, whilT^ine PQ^ ^^proximates' 



i*^^^^^*fiQ^ approximates the curve to the right of P, while 



the curve 'to the left of P; .but. tk£j>e is no*line which "best fits" th^ curve 
at P on both-^i^es of P,. Since 'ye know that at each point »of the sine 
curve, there is a line of^ "best fit," \he sine cUrve can have no " corners. """ 

To complete • our/ discussion we must eliminate Figure (iv)rand show that 
(v) is;the best picture. We can show that^etween 0 and ir, the .graph of 
y = sin a must Ije concave; that is, thercurve lies below the tangent line at 
any point In this interval. Suppose that ' ^ • ' 

(It) . • - , )0 <• a < b < n. * 

We- need to show that the point C liejs above point B. * 
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<■ Prom (2) we know ihat tiie tangent line at A, has the equation 

y = sin a + (cos a)(x - a), 
M Since- C has abscissa b and lies on thi$ tangent Line, the ordinate of C 
must be? ^ - - * > 

sin a + (cos a)(b - a). 

1' -^: • Since ^^is a point of thfe graph of j^^in x the second ordinate of B 
i:'^* - is sin b. To show that B lies belpw C we need to show that..^ • * 
, ' * sin sin ^ +'^cos a)(b - a)>v^ 

' " This amounte to esta^jlishing that - . 

% (5) i . sin b sin a < (b - a) cos a. 

• '^nL^^ prove inequality (5) we writ^ b and a 'as 
I-/ ./ . b , ^ a) ^ (b" - a) ^ J^A a) /(b - a) . „ . , 

I: • ' Now we >^use addition formula (6) of Section 3-5 to obtain ^ ' 
: * , = 3i„ -°) /sin (^) cos^ {^) * cos (^) sin 

■ , 3 = sil °) -. - °> = Sin (^) 60S (4^)^. cos (^) sin (^) 

' "I. * * • ^ • » 

Iv"^,' , Subtracting ^sin a from sin b, we get ^ 

^ ^ • * ' /b'^ av . /. b a\ *^ ' 

^6j- Sin b - sin a = 2 cos (— ^ — sin {• ^ ;v , ^ 

Since we have, assumed (if) that b >.a, and we know (from (8) of Section k-l) 
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that, sin X < X for' ,x ^ 0, can write 



(7);^ • 2sin_{-2-")<-^ 

Again.using (1^) the fact that a < b, • X»e have 



a < — ^r— < D. 

V . ^ ' 

In a^nner similar to that used ,,to establish thai sin a. < sin b, we could 
show that the ijosine function decreases on th^ interval 0 < x < it. Using 
this fact, we can^wtte 

(8) * . / A- ci^ < cos a. 

From (6) we have - , - < ' » 

sin b - sin a =2 sin (— ^ — ^) cos ( — ^ — ). ^ 

Now-uslfig (7) and (8) cap write 

. ^' ^ sin'b - sin a < (b - aj cos a. ^ • 

Thus, we have* shown th^t if 0 < a /C b <,7t ^then 

sin b - sin a < (b - a) cos a. • 

A similar argument establishes the same inequality for 0,< b < a < it and 
completes the proof that the graph of the sine function is c^oncave on the 
interval 0 < x < it. , " 

A student may wpnder (in Section why we appeal to a geometric dis- 

cussion to evaluate . lim f^" ^ . In* Chapter 3 we employed a diagram to 
h-^0-.^ 

clef ihe 'Circular functions and to obtain the basic relationships of trigonometry 
Tfie student might expect, that we are now in a position to, evaluate this limit ^ 
by formal computation from the relationships of Chapter 3 with no further 
appeal to intuitive geometric discussion. The reason this cannot be done is 
that the trigonometric identities of Chapter 3 have the same form, no matter 
what unit isTused Sor angie measure. ^The crucial inequality 

\ ^ sin X ^ T ' 

:^ cos X < — - — < 1 

is the first place where an^le measure appears both as an argument of a tri-* 
gonometric functioii and independently. Thus the inequality depends on the 
unit of mea^uue; it holds Specifically for radian measure and does nat hold 
for any other measure such as degree measure'. 



^ ^ \' . " Recall tha^ there are three ctLbsely related, though distinct, kinds of 
'^vigonimetric functions passing i^i^er the same name, ' First, tliere are the 
• trigonomatric functions ofl geometrical objects, namely, the Angles introduced 
in geometry, then, yhen ve" ^introduce an angle measure, the function^ are 
functions of' a real variable, ' The real functions depend upon the ineasux;e^of 
the angles. Thus, the numerical functions obtained by measuring angles in 
^degrees (a relic of the Babylonian sexagesimal numeration) are not th^ same ^ 
as 'the functions obtained by measuring the angl^ in radians. Since ah angle 
mejasured by x degrees is measured ^ ^ radians, a trigonometric func- 
* tion, say the sine function, defiued in terms of degree measure is related to 
the corresponding trigonometric function defined in terms of radian measure by 

sin X = sin X. 
» / 

The clioice to fnclude or to omit the foregoing Teacher''s Commentary material 
in the Student* s Text reflects a dilemma well known to teachers and vriters , 

^ . On nearly every page of this text, we have foun4. it necessary to choose 

between logical mathematical development and what we believe to be pedagogi- 
cally sound exposition. -Seldom is it pt>ssible to. catch both rabbits, but we 
chase them.' We try to be honest; e.g., to distinguish between a proof (in a 
formal mathematical sense), and an heuristic geometrical argument or plausi- ' 
bility test. ' ' . 

We attempt to nurture a student's intuition while cultivating an inqulr- 
ing' attitude. If we err on the side of handwaving at this stage in the text, ^ 
ve 1>ry in the appendices an4 Teacher's Commentary to indicate how logical 
gaps can be filled, should penetrating questions be raised by a Missouri stu- 
I dent* As for students frora other states, we try not to distract 'them: we 

avoid raising issues that would otherwise n^yer occur to them* at their present 
' level of maturity. (We believe, for 'example, ' tjiat to worry ,$oo early about 
' the continuity x^f functions is to obstruct the continuity of the thought 
I^roc^ss.) We will raise a question tha1^ might not occur* to the student if 
tYi&t que^ion seems germane to the central ideas under consideration. But 
in general ve adhere to the adage that before one begins to ^split hairs he 
must grow some. *' . ^ ^ • 



, - ^ ' Fuxthemore, weS:7 to resist the ten^taticm to "tell a /student all we ' 
knov about a topic (no matter how short a time that might take). We 
sympathize with the studept who began .a book report with the following 
stSatements: "I have Just read a book about penguins. The book tells' rncwre 
* about penguins than anyone would ever care to know/\ 



Solutions Exercises U-1 

«■ 

L. '(a) equation: g = 1 

(b) slope: m = 0 

(c) By definition of derivative, the limit is the slope of the tangent 
to the graph of y = cos x at. (0,l)^ m = 0, 

2« (a) equation: y = x - 

(b) slope: m = 1 ' 

(c) By definition of derivative, the limit is the slope of the tangent 
to the graph of = sin x at (0,0); m =1, 

cos h - 1 



(a) lim 

h -> 0 



(b) 




sin h T 

h -* 0 




* 


m(PQ) = 


COS - 1 




• 


X « . . 






-(0,1) 


(x^ , COS x^) 


ni(PQ^) 
cos - 1 


' Eqn, line ,PQ^ 
y = 1 - mx 




(.5, .^7758) 


-.2U5 


y =: 1 - ,21^5 X 




(A, .92106) 


-.197 


1 - -197 x-^ 




(.3, •9553'*) 


-.1U9 


y = 1 - ,11^9 X 


% ■■ 


(.2, .98007)' 


, -.0$97 - 


y = 1 - •0997^ 




(.1, .99500) 


-..05 


y = 1 - .05 X 




(.01, .99995)' ' 


-.005 ' 


y = 1 - ,005 X 
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(a) m(PQ) 

,1 



sin X 

. X - 



p 

(0,0) 


1'-- ■ ■»! ■ i 

(x^ , sin x^) 


sin X 


Eqn» line PiQ^ 
y = mx r 




Qi • 




.95S9 


y i .9589 X 






.9736 


y = -9736 X 




' \(.3, .29552) • 


.9851 


y ^ .§8507 X 




(.2, .19867) 


.993!^ 


y = -993^ X 


s = 


, (.1, .09983) 

"5. 


.9983 


y = .9983 X 




(.01,' .01000) 


1.0000' 


y = 1.0000 X 


X COS X < sin X ' 


(10) 


• 




sin X < X ' 


(5) 





x^cos X < sin X < X 



(b) (i) 



1 - cos X' < 



X >X), 



1 - cos X 



<l 



C^) 



Cii) . 1 - COS X < |- 

, 1 - COS X ^ ir ' 
X < 0, .. > 2 

(iii)" Combining (i) and (ii) 



C^) 



(c) 1 - COS X < 



COS X > 1 - 



X > 0, X COS X > X - 

But sin X > X COS X 

.". sin X > X - "o- j 0 < X < 



(10) 



i 162 

170 • / 



(d) X COS X < sin X < X 
sin X 



, Ex. 6(a) 



X > 0, cos X < < 1 



• c ^ sin X ^ - 
-cos X > > -1 



1 ^ T sin X V, A 

.1 .j^r^ X > i - r-^— > 0 

X < 0, COS (-x) W*cos x; 



sin (-x) ' sin X 



0< |x| ^f; 1 . S%^<1 - cos X 



T.-'We aVe given that 



(ly^OK 1 - CPS h<Y . ^ 
(2) h cos h < sin h < h, f or . 0 < < | , 
From (l)'we get 



1 - — < cos h < 1. 



We. substitute this into (2) to obtain 



r 



h(r>%-) < sin h < h, for 0 < h < ^ 



Dividing by h,. we get 

* I 

2 ^ h 



t . ^ < £in_h ^ 0 < h < I . 



If ve r^lace h by -h our terms are unaffected since 

/ ^\2 ^2 ^ sin (-h) -sin h sin h 
(-h) =h and —I ^^-^ 

Consequently, ve can write ^ 



. 1 



8. A similar argument to the solution of Number 7, using (l) of Number 7 
^ o • 

0 < 1 COS h < ^ , we have, for h > 0, 0 < jj < ^ ; and. 



for - h 0, 0 > 



1 - cos h 

• h ' 2 



>|.. 'T^h-efore, 



il A cos hi 



<M , for h ^ 0. 

2 <t 
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\ ' . * 2 ' 

If h^^ 6.01 then . ~ « 0.00005 . Frqtv Number 7 we have 
/ • ' " . 

>0>99995< o^oi ^ '<J- 

/ o ' 

Proa Number o, we get- 

/ 

. ' 1 - cos (0>0l) ^ ^vv^ / 

-0.005 < oToi ^<0-005- ( 



Letting h = -O.bol, we have ~ = Q.OOOOOO5, so thayfrom Number 7 

■ 0.,9999^.< "°.(:g^^> <l, 

and ^om Number 8 we obtain 

. ■ .0.0005 < ^^-22|lg^< 0.0005. 

(a)- The inequality (result of No;^ ?) 

i.lL.'<siaJi<i, f;r 0<lhl <|/ 

^ ' - h^ 

' tells us that the ratio ^ ' is squeezed between 1 - 

If jh] - Is smaU tlie quantity 1 very^dose to 1. We 

can say that '^f 

sin h 



r^'*^ lim — r — = 1* 

h-»0 ^ 



(b) Similarly, the inequality (result of Hp. 8) 

> A 

■'tells us that 



,. 1 - COS- h u 
lim rr— » 0. 

Ji -»0 



3 



l6k 




Solutions Exercises ^-2 

1. (a) , lUsirig addition formula (H) of | Section 3-5, ve have 

cos (x + h) - cos X cos X cos h - sin x'^ln h - cos x 
h ' h , 

/COS h - In 4 „ /sirihx 
= cos X ( ^ ) sin X ( — - — ) 

\ Va COS (x + h ) - cos X 
(b) D(«9s x) = aim ^ rf—^ ^ 

■. . « 

r cos h - 1 sin hn 

= lim [cos X r - sin x — r — J 

^ n n % 

h 0 

= cos X (O) - s^.n "X (l) , J 

f - .* 

. = -sin X. 

2: (a) sin (x + h) - sin X = sin (a + p)^-:- sin (a - ^ 

= 2 cos a sin p 



a + p = X + h 
a - p = X 



aa = 2x + h 



a = X + ^ 



2p = h 
p - ^ 



sin (x + h) - sin x = 2 cos. (x + |) sin (|) 



(b) D(sln x) 



' - . sin (x + h) - sin x 

11m % cos^ (x + |) sin (^)- 

h ^^|) 
11m cos (x + '-r u 



/ 



= *COS X 



3. (a) COS. (x + fi) - cos X = cos (a + P*) -'cos^p - p) 
V ' ^ = --2 sin a sin P 

= -2 sin (x + |) sin (|) 
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C08 x^: 




= lim . [■- I sin (x + |) sin (|)] 
h 0 



ir 



^, lim sin (x .+ J) 



(|) J 



e -sin X 
U. (a) .9993 < < 1 

.009995 < sin (.01) < .01 

■ (b)*'-.ooo5 < > < -0005 • 

' .0000005 > 1 - COS (-.001) > - .0000(505 
• . -.9999995 > -cos (-.001) > -I.OOOOOO5 
•9999995 < cos (-.001) <^.0000005 




% (a) 



.4 



0 < |h|<^ 



(i) 



1 



Let h .1:^ 

.01 ^ sin .1 



Eh ^- 



f 



(ii) 



.0995 < sin\( .1) < .1 
Let- h = .01: 



, .0001 ^ siri (.01)' • , 
1 - -2~ ^ -(.01) . 



sin (.1) s .1 



sin ( .01) ^ V 4 sin (.01) „ , 



.0099995' < sin'. 01 < .01 

(iii) Let h = .001: 

, .000001 ^ sin (.001) ^ ., 
1 , 2 < (.001) < ^ 



Toir 

(.01) S .01 



, si n ( .001) ^ T . - sin (.001) 



< - (,6oij ' " — ' (.001) 
.OO0999999^< sin (.001) < .001 .'. sin (.OOl) 
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1 

001 



: ^, \ I ' (..^1) a^- ^^222o|2i) <, sm ^( .0001) < i( .()ooi) 



.000099^99995 < 8%n ('.000l),|<j'.0001;, 

?• » ^ • > . ' stn. Cdaoi) „ , 

. • is^ ' ( .0001-) 

.*. sin ^ .0001) a .0001 



(b) r - < COS h < 1 



(i) ' h = .1! 




1 . ^ < dos .1 < 1 



1 - .005 < COS .1 < 1 
.995 < COS .1 < 1 . 



(ii) h - .01: 

.0001 



1 - 



2 < cos, .01 < 1 



1.- .00005 < cos \0l < 1 



cos (.1) > .99^ 



.99995 < cos .01 < 1 ^ cos (.01) > 19999 



(iii) h = .001; . 

.000001 



2 - 



< cos .001 < 1 



1 - .0000005 < cos'^.OOl < Ij 
..9999995 < cos- .001 < 1 



cos (.001) > .999999 



(iv) h = .0001: 



.999999905 < cos .0001 < 1 



COS (-.0001) > .99999999 



16? 



17 



0 



1^ 



<M- • h /o' _ 

■ 1(1) '■ Jhl =|l i3l^^2lLi1| < -Ui = .05 

;,„,-.oi | i-cM..oi) |<LoiI,.oo, 

•/ x ' I I '^^^ il - COS ( .001) I 
i (iii) |hl = vOOl , I ^1 



.001 1 



(1,, ihi-.oooi i ^-°"okr' i^-H^-- 



00005 



(b)> 1 - V < ^ < 1 

Similar the solution of Number 5(a) 



0 < |ht <| 



'-'\ (i) . 


Let ' 




= .1: 


, (ii) 


* Let 


|h| 


= !oi: 


(iii) 


Let 


IH 


= .opi: 


. . (iv) 


Let 




= .0001 


(a) 11m 
x.-» 0 


sin -^Sx 
2x 





.995.<SinI^<l I 

.9999995 < ^i^ok^ < ^ 

^^^^^ ^ sin (.0001) ^ 5 . 

.999999995 < (.^qi) < ^ 



l.^<liBJl<l. 

. i3xl! < lllLJi < 1 
■ 2 3x 



Multiplying , ve get 

3 3 (3x)^ ^ sin 3x ^ 3 
.'^ . 2 " 2 2 2x . ^2 

1. 21^2 ^ sinjx ^1 , * ' ' ' ' . 

r 2 4 2x 2 

li|Ji is "squeezed" between | - ^ and |. 

o • 27 2 * * 
Since ^ - tt x ^ is close to when x is small, 

, ' ' c^ concj.ude'-that the limit of — as x gGes to 

zera is * • 
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(b) Eithir linr {^^) 



/ sin 



1^ 



Let 3x = h 
. h 

* 2 
2x - |h 



> * 



lim / 

lim (|)(^^) = = I As x-»0, |-»0. ana h-»0. 



or without Substitution 



lim — 2 — Np 

X -> 0 (|)3x X 0 



8. (a) 



, X -> 0 



sin X 
3x 



. lim .{\){^) -r^-^ 



X -> 0 



A 



(b) lim ^iii-Ji = 48in .x)(^) = b .r= c 

\ x-»0 ^ x'-»0, 

(c) lim iSEX : lim: (%^)(:;::^) = 1-^=1 
X -♦ 0 



lim. 
X -> 0 



(d) lim — r4:« lim . 



COS X 

/ 



(e) ^ lim 



sin 7x 7/sljiJ7xw__3x__^ 7 . ;; „7 



(f) lin, cosjx^^^ 
' X -> 0 3x 



(g) lim 
0 -> 0 



1 - cos 0 ^ 1 +' COS 0 

^2 ' 1 + cos 0 



2 

Sin 0 



lim' 

S^^O e'^il + cos ,0) 



J 



/Sin 0\2/ ■ , ^1 ^ 
= lim (-^) ^ cos 0 
0 -> 0 



•) 



= 1 • i = i 

- J. 2 2 



. 169 

177 



= 1 • 1 • 1 • 2'= 2 ^* 



lim 
t 0 



sin 2t 



1 



= lim 



Sin 2t \ 



lim (ii|itj(il ) =,1.2 = 2 



{j) lim e cot 2B = lim ( 



20 



(k) 



lim 



\ / COS 29\ , 1 

sin 20^ ' A 2 ^ " ' 2 

^1 



1 

2 



coS^^e* 



^ - e 



"Ta- 
llin • 

-.1) 



0 



•lim 



/sin(e - 



lim (^) =1 



a 0 



Let cos "0 « sin 



- e). 



sin( -x) sinx 



Let a = 0 - ^ . 



(i) lim 
X 0 



sin ^x ~ sin 3x 



X 4 0 ^ X . , 

X 0 ^ ^ r 



:ERiC 



/ 
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\it I* ^ sin X, th'ep, by definttton, 
^^H^V'- - ^ 8inx - d 



X - a 



f ' (a) = cos a. 



^fe^^^^/. i *'(b) Using part (a) we have 




lim 
x/-» 0 



sin X 



lim 
X 0 

cos 0 

1. ^ 



sin X sin .0 
X - 0 



f»(x) = ^qA:^"'^^ 



ill?-'/-- 



; (a) (i) Slope of sin x at x 
(il) , Slope of sin x*' at x 



(i;li) Slope of sin x at x = ^ : r-^^. 
^flvY ^ Slope of sin X at :^ 



= It ; f»(it) = -1- 



Slope of sin X at x = ; f*(^) ='P 

(vi) Slope of sin»x. at*'x = 0 : f»(6) = 1 . 
.(b) .Point P(x^,y3,) ^ ' ^ 




2^^ 
2 

' 1 
2 

0 
-1 
0 



1 

2 
-1 
1 



Eqn.' of line tangent 
to* y - sin*x at x ='x^ 



i.l^x.|.) or y 



.ix+:^ 



= 0 - l(x. - x) or y. = -X + It 



y ="-i + 0(x-^)- or y = -1 ■ • 



y a 0 + 



i(^ - oj 



or y = X 



171- 

179 



010. .K/' . (a) • (t)* Slope of ,cos x a* * x' = | : f ^ (|) = - ^ 

' (ii) Slope of cos X at X 

(lit) ' Slope of cos X at X 

(iv) - Slope of cos X at X = 0: f^(0) = 0 



3 ' ^ 3 . 2 



fk' 










Eqn. of tangent 'line^ 




ti) • 


z. 


2 


1' 

" 2 


y 


. 2l • l(x -5) or y = . 1 X + . 

2 2^^ y *; , 2 ^ '12 




• ' ' (ii)^ 


2jt 
3 


' . 1 
' 2 


V3 
2 


y 


2 2^^ 3^ • ^ 2^ 6 




(ill) 


jt 
-¥ 


■ 




y 


- + (x+r-) or y =: X'+ — ^ 


If-.** - c 


• (iv)' 


0 






y 


= 1 + 'o(x - O) or y = 1 ; . * 



12/ (a)^ f = sin; f « = cos " ' 

- ^ If' tangent is horizontal, f* = 0. 

^ /. cos X =? 0, and x « ^ + nit, n integer. 

(b) ' f =: cos;'' f * = -sin 

ff tangent" is horizontal, f * = 0. 

' -sin X = 0, and x = mt, n . integer. 

^13. (a) f = sin; f » = cos^ % ' * 

If tangent is parallel to ^ine y = x, f* ='1 

/. cos X S5 1, and x ^ 2njt, n integer. 

(b) . f = cosr f * -sin . o 

. If. tangent Is parallel to line ' y = x, f * = 1 

• .*. -sin X 3 1, sin X = -1, and x = + 2mt, n integer. 

< .(a) f « sin; f* ^"cos | 

cos X ss -1, and x = n + 2nrt, n ; integer/ — 



mi- -■■■^^ 

if-'?-* 



(b) f a cos;j f * = -sin 



-sin X « -1/ sin.x.= 1, ar^4 x^s + 2njt, n 



integer . 
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* : , 15« (a) t ^ sin; = cos 

1 « _ ^ o^v.* 52. + 



. . COS X 



i, and X + 2jrn, ^ + 2jrn, n integer. 

(b) f = oosj f» = -sin 

-sin x.= I' / sin X = - I , 'and x = ^ + 2njt, • ^ + 



'is**- 



• iSt (a) f»(600jt)- = cos 6Q0jt = cos 0 = 1 

"f»(-200n -|) = cos (.|) = cos| = :| 

- • fj(60n --^) - cos (- ^) = cos ^ = . i 

. ' (b) g«(6QCht)*= -sin (600jt) = -sin 0 = o' 

g'(-200«^- |) = -sin -(-«|) = sin I = I 

"." .g«(60« - ^) = -sin {- ^) = sin ^ = - ^ 

» < 

17. * (a) f X sin x 

/ f * : X cos X, i . e * , - h : X cos x 

h* : X -> -sin x 



n integer. 



(b) f : X -> sin x 

f»: X cos^ 

h : X cos X 

» h*: X -sin x 



g : X cos X 



ff«: X -♦cos^ ^ / rg«: x 

(h : X cos X (iJ : X 

\ h* 3 J » -sin X and h » -^J' = cos x. 



-3in X 
-sin X 
d*: X -cos x^ 



„ l8rf ^ J X =dJcOS X ' ^ 

(a) Tbe function is' increasing 
when f » > 0; i.e., f is-^ 
increasing for -^v < x < 0, ^ 
n < x'< 2n. 

The function is decreasifag 
when f« < 0; i.e., f is. 
decreasing for -27r < x < -n, 
0 < X < n. 

\ 



f * : X -> -sin x 



(b) 





- f 
\ "If / 


/ 3 









erJc' 



473 
7 



1 -2jr -jf /'^^ 


1 1 • ^.W^ 










• ■ I 




8i •» 









i9> (a) The result of l(a) , tells us 
that, COS u is increasing 
. . and decreasing in the follow- 
ing intervals fo^ the indicate^ 
Values of W: J 



' dec: .-2« < < -jt* t 

incr.: -Jt < u < 0 

dec. : 0 < u <s jt 

incr,: jt < u < 2jt 

7 



This means 'that cos 2x is 
increasing and decreasing 
in 'the same intervals for»the 
indicafea^yalues of 2xi 

Then it follows'' thpt/^cos 2x 
is increasing and Tiecreasing 
for the indicated values of 
x: 



dec: ' -23t < 2x < 
incr.: 

dec. : 
incr ,\ 



^ < 2x < 0 
0 < 2x < Jt 
n < 2x < ^jt 



dec. : 
incr. : 

dec. : 
incr. : 



-Jt < X < - ^ 

- |< 'x <0 
0 <x <| 
^ < X < jr 



(b) , f ^ X -> cos 2x 




20. (a) cos (2x + J) 



Let u =:.2x + ^ 



• From the soliltion to Exercise l(a) 
we know ihat^^ ;co8 u' is increasing 
and is decreasing for the indicated 

, .yalu^ of u: ' « 



i.e., cos(2x + ^) is Ilicreasing 



/ 

^and is 



decreasing for the indicated 



values of 2x .+ ^ 



dec. * 
Incr .if . 

dec. : 
incr.: 



incr. : 

dec; r 



\ incr. 

r' * 



-2jt < u < -Jt 

0 < u < Jt 
< u < 2jt 



-2jf 



i2x + i^ 



-Jt 



-Jt < 2x + < 0 

\ Jt - 
0 < 2ix + I < Jt 



Jt <-gx + I < 2jf 
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COS (2x +*^) is Ancreasihjg and is 
decreasing for the, indicated 
.values 'if X + ^ : 



dec. 



•S Tt ^ . ^ 

incr.:, - ^<x + ^<0 



dec. J 
V incr.i 



0<x-hJ<| 



and 909* (2x + ^) is increa'sing* 




^ dec.: 


,5^r 
- T 


< X < - 


and is decreasing for tlife */ 




inqr. : 


- T 




indi^cated values of x- ' 




deC^: 


* 4 


1 * 




^incr."^ 










^ dec: 







Therefore,, for the Interval |x| < n , cos (2x + |) is decreasing 

3«' 



for 



|x| <-q; and 



(b) 



for ^ < l^ff < It, and is increasing for 



cos (2^ f) 




21. 



•Intervals 



\- 


(0, |) ' 


(|, «) 






sin, X 


increasing 


decreasing'"" 


increasing 


cos X 


deci'easing 


increasing 



I 



decreasing :* 
|<x<it 

Increasing: 



^ < X < 2« 



• 


(0,1) 






^.*) 










( q\ sin ^ 


increasing 


decreasing 


^b) sin X 


increasing 


decreasing 


Increasing 


(c) sin 2x 


incr. 


decreasing 


increasing 


decreasing 


incr. 



23. (a) f(x) = ax - sin x 

f (x) = a - cos X > 0 . ^ 
. i.e., cos X < a .*. -a > 1 

(b) f(x) = ax + cos X I 
f (x) = a - sin X > 0 
i.e., sin x < a , .*. a > 1 



,21^. (a) 



Coordinates: ■ ' ' ■ 

V{X, sin .h) = (.1+, .389J+2) 
"j5(.5. Sin = (.5, .'+79'^3) • 

D»(.5, sin .k + (.1) cos .k) » 

Ordinate of fl* ^ ordinate of D 
sin .If + (.l)^'cos .k > .1*791*3 
.3891+2 + .092106 > .1^79^3 
.1*8153 > .^+791+3 

'f(.3^ sirf .3) = (.3; .29552) 
F»[.3^ sin .k-+ (-.J^cos .h]t 

f ' ? 
^ Ordinate of . F* > ordinate of F 

? 

sin M + (-.1) cos X ^ .29552 
.3891+2 - .09210^ > .29552 



\ 



.29731 29552 



At X 3 .3 and x s .5 

' The ciirve lies below the tangent 
to the curVe at P(.U, sin M) 



decreasing 
increasing 



< X < ^ 5 



0 < X < 




Tiln. line: 
y 3 sin X + cos .U(Jc - .^) 
y >^ .389^+2 - f .92106)(x*- 



(b) 'Qt-'t, sin (-.1+)] • 

(-■^, -.a89l»2) 
R[-.3, sin(-;3)] 
(-.3, -sin ,3) ■ 
■ " (-.3, -.29552) 

R*I-'3, -sin .k.+ (.1) cos .k] 



r 



abs. value of ordinate* of 

> abs. value of ordinate of R 

. I -sin X +^<lf cos .\Y> I -.29552! 
|-.J316^ .O921O6I > |-.29^2! 




abs. value of orS. of > fifbs. value of ^ordinate of S 
|l - sin X + (-.1) cos .1+1 > I-. 1^79^+31 f 
: |-.92ip6 -'^2106| > I-. 1+79^+31 . 



at X = -.3 and X'..= -.5 the 
curve lies above the tangent to 
the curve at Q.(-.^, sin (-.U)') 



■■ •/ - 

/ 




tan line:^,.--^ / * 



y = sin(-jlf)iif- coa(^l+J(x + X) 
sin; M + cos ./if(x|+ X) 
.389I12 + .92lb6(x +, .X)'^^ 



/. 



' In the linear substitution discussion of Section ^-3 ve deveaop a' specific 
instance .Of- the "chain rule" a/ve need it to study a particular function. 
This is typical of our approach\and reflects our concurrence vith the folloving 
statements from' the C.E.E^. Calcuius AB Syllabus; 

^ "This .course is intended for students ^ have a, thorough 

knowledge of college preparatory mathematics.*. It does 
not assume that they have acquired sound understanding of 
r tl>e theory of elementary functions^ The. development of this 
understanding has Ifirst priority. 

, "'A qpiirse in elementaj:^unctions^.nd introductory calculus 
* can be Arranged in many vays Ib this version the spe- ^ 

cial funcMons are first studied in acme detail^ vith the 

-aid of the calouius, vhich is introduced' intuitively, and 
later [Chapter 8] the general techniques' of calculus are 
developed and applied to a wide class of functions. 

an alternative to the difference quotient approach used in Section k-] 
(but still. quite within the spirit of the foregoing paragrapl|); we could hav^ 
obtained Dtk sin fax + b)] by the following method. Writing ,x as ^ 
c + (x - c) , we substitute to get » ^ 

k sin (ax + b) = k sin [a(c + (x - c)) + b] 
^ ^ = k sin ['(ac + b> + a(x - c)]. a ^ ^ 

•Using addition fomula (6) of Section 3-5, ve get k sin [(ac + b) + a(x - c)] 
= k sin (ac. + b) cos a(.x *- c) + k cos (ac + b) sin a(x ^ c). Then ve argue 
th^ if X is so close to c that Ja(x ^ c)l is small, ve can replace 
.cos a(x . c> and sin a(x - c) by their best linear approximations; 
cosaCoc.. c) by one and sin a'(x - c) by a(x c). As x^ Approaches c, 
. ' ' k sin (ac ^ b) cos.a(x - c) V k cos (ac + b) sin .a(x - i) 

japprbaches ^ « - . . 

« [k sin .(ac + b)] • (1) + [k jcos (ac.+ b)l • (a(x . c)). ^ 

Adequation of Ue taigent to the gra^ of • y - k 8inj(ax + t) at tlje. point 
w{ie X =>t: is y =hc sin (ac + b) + [ka cos (ac + b]|l(x - c)'. Thejslope, 



e^h^tangent to the|graph.p^ 

f 1 X k sin (ax + |b) 

at Vhe* point (c,f(c)) is given by j 

♦ ' f*(c) = ka cos ("ac + b). 



) 




1, 



Solutions Exercises 
(a) 3 cos (3x (d) I cos (| - |) • 



(b) > sin (| + ^) 

(c) cos (| - x) 



(e) -icos (-x + f) 

(f) -2it sin (2it - 2x) 
or 2r sin 2x ■ 



2, (a)-' (1) f (x) = cos (-X + I) 



nix) = sin (-x) + |) • 



sin (f ) 



(ii) 



f(x) = -sin - |) 
f«(x) = ^2*cos (2:^- |) 
f»(^>. = -2 cos (f - |) = -2 cos I 

(ill) f(x) = 3 cos (J + 2x) 
. * " f«(x) = -6 sitt (| + 2x) 

•6 sin- (?• + n) = -6 sin ^ = i- 



f,'(l) = 



(iv) f (x) = I sin (|^ - |) 
'1 

^ cos 



' f'(x) 

■ • f»(0) cos (f - 0) = - 1(0) = 0 



(b) 



Point "of tangency Slope' of Eqff^ of tangent line ' 

tan line 



A- 




(-f ,0) 

illi) • (l > ^) 



(iv)" (0, - h 



-11 



y = 0 - l(x + -p^) or y = -(x' + 

y = - I - ■ 1^^ 

4 - 4 (X - I) 



or 



y =^^+3^Jx..|)' 

y = - I + 0(:^ - 0) or" y = | 
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3. (a) If g(x) «'cf(x)', then g«(x) = cf« (x) 

.\ 

(b) f(x) = sin 2x 

, .g(3c) = -2 COS (2x - |) = -2 cos (| 2x) = -2 sin 2x ^ 

g(x) = -2 f (x) 

• f»(x) = 2 c(^' 2x 

g«(x) = ^ sin (2Sc . |) = sin (| - 2x) = cos 2x 

-2(2 cos 2x) 

' .V g«(x) = -2 ^(x) 

If/ (a) (i) f(x) = sin x + cos x 
. f*(x) = cos X - sin X 
When the tangent is horizontal, f* = 0 ' 

. . cos X = sin X and x « ^ , ^ . 

^ If the interval is not restricted to '0 < x < 2Tt the 

solut^n is ^j* V njt (n, integer). 

Alternate soln ; , , 

V 1^ ■ 1 

f(x) = '/2 (sin X — + cos x • ~) . ^ 

It 



. . = (sin X cos ^ + cos x sin 

= sin }) • • 

f»(x) = cos (x +.J) = P ^ • ' ^ 

, It It 3« » 

It. 5it 

(See commentl after first solution.) 



(ii) Equation. of tangent at i : y = 
Equation of tangent at (^'^, y^= 



180 • 




(b) (i) •* g(x)^='l*,5i.ft | + ^ cos I 
g<(x) --a COS |,- 2 sin I 

2 U ^ T 



0 

/ 



jt 5s. 



The txite'rval i^not restricted^'fo 0 <^ < 2jr,- the solirbion 



t s X = I + (n, integer) 

Alternate solution: r 



• 




= k!/2{s±n 1 cos ^ + cos 






= I^^sin (f + f) 




g»(x) 


cos (| + {) = 0 




2 






X 

2 


= u . 






■ Jt 
°2 




(See comment after first solution.) 
( ii) Equation o f tang ent at (| , . : y := 

(c) (i) h(x) = 3 sim(2x + J) + 3 cos (2x"'+*|) , 
. ' . h'tx) = 6 fe; + - ".^isin (2x + |) =''^ ^ 



2x = 0, It, ''2rt, 3Jt 

* V - n S ^ M . ' 

\ 

, If the interval is not^ restricted to 
solution is n ^ , (n, integer..)' 
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Alternate Solution: 



. .^,hW, = 3^',sin C{2x + f)^ + J] = 3^ sin* (2x + |) 
■ • h»(x) = 61^ cos t2x + |) = 0 / ^ 

• Pv+"i-'5. ^ 52L 2« 

, . ' X = p, «,.^ ■ . 

< / ' 

* (See canment after first solution.) ^ « ^ * 

' ** « 

(il) Eijua^ion of tangent at (O, 3^ 'and («, : y 3y^ " 

Equation o^Ltan^nt at (| , and , -3v^ : y = -3^ 



f(x) = k cos (ax + b) 

= k cos [a(c + (x - c)) + b] 

^ k cos Kac + b) + a(x - c)] . ' . 

^ k cos (ac + b) cos a(x - ,c) - k sin (ad + b) sin a (x - c) ^ 

If c is fixed and x' is sufficiently close to c, then ve can - 

replace cos a(x - c) by, 1, its , best linear * approximation and repla.ce 
sill a(x c) by a(x - c), its best linear approximation. 

1^:- /.y f(x) = k cos, (ac + b) • 1 - k^^in (ac + b) &(x ^c) 



Tb^^we •have the tangeqt line to . . . " . ^ * 

' • , , f (x) = k cos (ax + b) . 

at the point (c, k dbs (ac + b)):. . \ \ 

^ . y^J k^bos (Mc + b) V sin (ac + b) * <x - c> , 

Th;I.s line has the slope -ka~~sin (a'c + b)^ ' therefore , the 
derivative of f : x -> k cos (ax + b) ie the function f* 
vhose value at c is, given .by 

f«(c) ^ -ka sin (ac + b) 
ori , I ,f*(x) « -lea sin (ax + b). " . - * ^ 



J z. 
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D k cos (ax + b) = D'k sin (| ^ ax - b) 

' = D -k sin (ax + b - |) 

• = -ka cos (ax + b -"|) 

= -ka cos (§ - ax + b) ' 

= -ka •sin (ax + b) 

(a) Vftien x is in radians lim ^ = 1 

. X 0 / ' 

We must use this> statement £o evaluate 



Since a degrees equals a radians then 

* O sin "rSrr a 

sin g 180 \ 

a a - 

and multiplying by ye have 

n 

iBo 



a 



p l5o ^- n 



i5o"^. 



Thus lim " = lim ^ 



n 

" iHo 



^ lim '^^^ 



a -*0 



l5o ^ 




o n 

^ ^^=C0S3;g^X 



(b) cos X = COS TTsrr X 



Thus D COS x° = J) COS x /■ 

• , = "180 180 

'or C .-.^l^sinx- N 

■ 183 I • 




"(b) f -»cos X, f (f) - 



g -» COS 



3' - 2 

(x !fc^^) , SI(to) - p 



Thus the slo^jis of the tangent lines through f^y^^^'^'^ ' | 

(JL'^ g(JL)) are the same and the tangent lines, are parallel. 
^ .12 ' 12 J J f * ' 



sin (x + - sin x^-J 



cos X 



9/ (a) 'h 

h^O \ 

.By definition of '«hen' f .: x sin*x 



- / \ . ^ cos X - costx + h) 

(b) lim ^-T^ 

h -> 0 / . - 



lim 
h ->0 



C05 (x + h) cos X- 



By definition of f» when- » , 
f : X -> cos X 



cos ( x + h) - cos X 
lim ^ 

h -> 0 



-(-sin x) 



= sin X 



1 . ^ ■ 

.(e) lii cos (3x4.hy-cos,3.x:^ ,-3 ^ ^ 
h -» 0 ' _^ ■ • 

i.e., f : X -»cos 3x, f» = "3 sin'3x 



(d) lim 



i.e.', If : X -».3 sin (| + {] 5 f ' : x -r* 




ERIC 



184 



.0 



1,1 



ti- ;|;j28 



ijj 32_ 



2.6 
1.8 



1. 25 1 1.4- 11.6 



MlfROf^PY RtiOLUIlON if.SI CHAPI 



• ERIC 



(e) lim 
k.-»-0 



,(f) lim 
- h 0 



si-h U » '••sin M ^ .j^ 
• * Ic' * 

i.en, -•*'^(x) ='sin f'(x)-= cos x; = 



-COS 



h\-> 0 V ' * ^ ' 



10. 



•i.e.,' fXx) f ^ |cos x; ^»(x)=|sinxr f ' (J) = (|)(4) = ^ 
(a), (g), (i) ^ ' \y = sin X = .cos (^^ - |) = c(js (| - x) ^ 







(b) ' • y = sin (x - I") 

1 \ 


"\ * 

ir^ ^ ■ X * 


-jt • \ • . 

(c); (d) y = -sin x = sin (-x] 




. yf V 

-1 ■ 

* 

* • > 


. ' • I* • . 

r 
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• X 



Ce),i(^), (h) ' y = sin,(| - x) = cos x = cos (-x) 




(a) 


y = 

dx 


sin X * • ^ 
cos X * 


(f) 

i 
f 


' / 

./y = 

/ ■ 

/di _ 


cos X 
,-cos (g 


> 


(b) 


• y = 

dx 


sin (x - ^) 

cos (x - 1")' = s^'^ ^ 


• •(/) 

/ : 


y = 

♦ dx - 


CPS - 

sin '(| 


x) ■ ' 

x) = COS X 




y = 


-st,n X ' / 


■(h) 


•'y = 


c6^ (-x) 




' f 


dx 


-COS X / 




d:{ 


sin (-x)- 


= -sitr X 




.y T 


sin (-x) / • • 


(i) 


y - 


cos - 


x) 




^- 

dx • 


-cfes (-x) =/-cos X ' 




dx 


sin (|'- 


x) = COS X 




y = 


sin (| - /) 












dx 


-COS- x) 






















dx 


-siriC-x 
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Solutions Sxercl'ses 
£ : t -*r .cos cot and g : t r sin cot^ 
i.e., t -> r c6^ (^)t and g : t r sin^(-)t 



If s = ^ , 
Horizontal 



position f : t -> r cos — t* 

velocity : t -> -7t sin ^ t 

2 

acceleration .f" : t -> - — cos — t 

' r r 



Vertical 

position g *^ t -> r,sin* p z 
velocity g* : ,t -» ^ cos p t 

acceleration g" : t -> — sfh 



(a) 



r.= 1 

Horizofitai. 
• » ' 

position 

velocity « 



. 4 



Vertical 



f :. t ->'Cos 

:, t -> sin Ttt 



acceleration f " : t -> -x cos -nt 

{iY If t 0 f(0) =cbsO=l. 

€^{0) = -:t sin 0 = 



position g : sin 7ft 
velocity g* : tt cos itt 
acceleration g" : -jt sin nt 

g(0) = sin 0 = 0 



0. ' g*(0) = :Jt cos 0 = 7T 

f"(0) i.-iJ^-cos 6 = -7t^ *g"(0) =r -^^.sin 0=0 



•* (ti)-" If ti=| f(i-):= cos I 



g(|) = sin I = 1 



1 * Tt 1 * It 

« f *(^) -IT Sin 5 = -:t g^(-) ^'-n cos - o . 



,/ 1 \ - 2 It 



(iii)' If t = 1 ,f(l) = cos*:t = -1 

|f'(-l) = .iTt sin :t = b 
^■'(1) *=. cos ?t = it^ 

Hv) If. t = 2 f(2) = cos 2rt = 1 
. ^^ ' \ f'(2) = -It sin.2:t = 0 



„,lx « 2' / It ^ 

g" (^) = -7t S/tn ^ = -JT'^ 

■g(l) = sin/jf = 0 ' 



g"(i) = 



7t /COS 7t = -It 



sin jr' = 0 / 
g(2)/=r sin:2it ^ a ' 



g»(2y = It cos.2:t = jr- 
2^ V 2 



* *f"(2) = -:jt cos 2:t'% -Kf^ g^C^) Sin'27t.4' 



h-k ' 



/ » 



Note that in the unit circle 
P Jias returned to its 



(b) r = 2 

HorizontajL 

position* f :'t 2 'cos I t 

• ' ' ^ It 
velocity" f ' r t ^-^ -it sin - t* . 

acceleration f " :t - ^ cos - t 

■ " /i) Vlf t,=:'0( f(0) = 2 cos 0 = 2- 

/• f »(0) = -IT sin 0 = 0 

2 

































t = 1 / 




\ t = 0,2 






/ P(i^,o) 









Vertical ' 



positipn g-: t ~» 2- sin^^ / 

velocity- ' t ~>iT cos I t 

'^2 ^ < 
^- accele;ration g":t -> — sin ^ t 



gCo) = 2 sin 0 = 0. 

g^»(0) = IT COS 0 = IT 

2 



•f"(o) = - V 0*='- f = - V sin .0 = a 



*(ii) If t = 1 f(l5 = 2 cos I = 0 
f'(l) 



■IT' sin -IT 



2 - - 2. ^ 

^gdl = 2 sin I = 2 

g»(l') = IT cos ^ = 0 



2 . 

2 . :2 



f"(l) - COS I = 0 ,g"(l) = - ^l^sin I =. - % 



(iii) If t = 2 f(2) 2 cos IT =^-2 
ft (2) = -IT sin IT = 0 



^ g(2) =.2 sin IT = 0^ 

g'(2) '= IT cos* 7T = -IT 



. 2 2 ' - 2 i • 

f"(^)'^*^'- V cos IT = V g"(2) = - « = 0' 



^-2" — - - 2 
(iv) If t = f(ii) = 2 cos 2iT = 2 



g(U) = 2 sin 2iT.^ "0\ 



f^(it) ='-iT sin 2iT = q g*(i*) = 2 cos 2iT = 0 

f"(i,) = - 2L.cos2^=- |- g"(i*)- - V^*^"" "^'^ 



Note that while P travels 
comijletely around Jhe unit' 
circle in '2 secotlQs, it travels^ 
exactly half the distance a'round ' 
the -circle 6f radius of 2 in the 
same time. 



(c) 3: a 6 * 

Horizontal - ^ 

position f : t 6 cos^(^) 

' ' ^velocity f »' : t -«»sin (|)t 

, - ^ < ^2 . 
' ' acceleration t — t cos (5')t 

* ^ * r ' 

(i) If ,t ^ 0, f(0) = 6 c(/s 0 = 6 

sin 0=0 




2 2 
^ cos 0 = - -g- 



f»(0) = 

(ii)/ If t = 1, f (1) 6 cos I = 3^1 



position g : t^-»6 sin (^)t 



velocity g*: t -> « cos 

2 

acceleration g":t — g- siri 

•g(0) = 6, sin 0 = 0 

g*(0^ = n cos 0 = jr 
f 2^ , 

^"(0) ■= - I^sin d = 0 



eos^ = -^ 



g(l) £: 6 sin I 3 ' 



g«(l) .= n cos|-^ 



6"(1) 



Vn . It 



2 
12 



.(iii)' .If . t = 2,/f(2). 



6 cos J = 3 



g(2) = & sin I = 3>^ 
g^t2) =^ n cos I = I , 



« n 



•tiv) If V = 3/ f{5) 
• f"(3) 



= 6 cos I = 0 
= -jt sin - 



rJt 



2 

ft 



'cos ^ = 0 



g(3) = 6. sin I » 6 
^ g'(3) = « cos I = 0 

^ g"(3) = -^'sin| = 



2 



t = 2 
P(3,3>^ 




Note that wfcen the radius ' 
is ' 6 units, P has 

• traveled only ^ of the . 
^ distance around the circle • 
in 3 seconds ; i . e . , -r of 

' the distance in 



t = 1 
P(3^^,3) 



The position in al-1 • 3 cases^ is the same relative to th^ circle; • 
i.e.,* (0,1),, (0,6), respectively. The velocity, in 

all '3 c&ses'is pxactly the same; ^ 
•i.e., if r == 1, Vih^y-"^ and &*(|) = 0;^ ♦ 

.if t = 2, f»(l) = -:t ^ and g»(l) = 0; 

. if r*= 6,. f»(3)' ^ -3T and g'Ci) =0. 



The horizontal acceleration is zero, but as the radius 



of the ciYcle 



increases the vertical acceleration becomes less negatpe*, 
i.e.,' if r = 1^/ f"(i) :^-0 and g"(|) - *Jt^ j * • 



2. 



and g"(l) = 



if r = 2, fiJ'lD = 0 
if r = '6, f"(3) # 0 and g"(3) 



«2 



' The position in all cases is the s&me relative to the circle^ 
i/e», (i;o),, (2;0),' and (-6,0) respectively. ^ ^ 
The velocity ^^o^m = 1, 2, and 6^ is the s'arae'for t = a; 
i.e., f»(o) = 0 and g'ip)=it. Also ' 

^when r = 1 f»(2> = 0* and, ^«(2) = Jt; ' . * ^ 

when r = 3 f (^) = 0 and g'(A.)'=: it} and conjecturing, 
when r=6 f«(l2)=0 and g»(l2).= 7r . , % 

The vertical acceleration is zero, but as the' radius'of the circle 
increases-, the horizontal' a ocelera-*.on becomes less n^iativei 

i.e.,,ii^ r =.1 .f"(2) = i:" ' and g"(2) =^ ^ 

r = 3 f"(l*) = ^ . • and , g"(l*) =0 ' , 

2 ' . 

• .- /, -r = 6 f"(l2) - !^ . ^and g"(l2) = 0 

f : t -> r COS cot • g : t r sin cot . 

f » : t -> -r sin cot g' : t -> r cos cot 

f": t -> -rco cos cot g": t -> -rco sin cot 



I P ^ 2 /p li, 2"? 2 T 2 /S\2 s 

/(f") ^ (g") *= /r CO (c6s, cot + sin cot) = rco = r(-) = — = s^ • co 

i.e., the square root pf the slim* of ' the 'squares of the acceleration 
components is the product of tbe^ speed" and thQ angular velocity. 

(a) Since ^ f(o) = 3 ^ » 
. „and ' f(-0) cos 0 = A, I' 

: ' ' > A = 3/ 

(b) The* period* T satisfies 

^/ST = 2jr. 



m 



, : Hence, * ' ' T =,2jr / ^ . 

(c) f'(t) = 'A sin. /^t* Hence, f'(0) 

(d) f"(t) = -f cos'/|t. f^'(o) = -f 



0. 



The velocity is decreasing (a change Trom positive through 0 to 
negative is a decreasej. * ' , , , 

,(e) f"(t) = - 5^ A c^s /| t = - I f(ty./Wp abbreviate: f'» = - |'f. 
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• ♦ * 

(f). 3 sinc^ 3 cos / - t 
=3 cos 1 = 0. 



has .the minimum value'^ •3(-l) = -3^ 



fit) 



= sin t. 




= -3 



*f"(t) 



- 3 - cos 



f"(|/|^-3|=os|=0. - 



The^mas^ is moving to the left at this time, ^ 
. (h) f(t) ^= 0 when >^ ^ = ^ ^ ."^^^^ > ^ 

^ The mass Is moving to the right at this time. ^ 

6. /X = fCt) = A^cos' cot, ^ 
f'(t) * -AcD sin ccft, 

' , f"(t) =/-Aa)^ cos^cot 

'^'^ Similarly 

y = ?(t) .= A sin a)t> 

g*(t) = Ao) c6s cot, 

• g"{t) = -Aa>*' sin ojt = 

• . QP = RS = co^x ^ 

SF-=>*co y 

Triangles RSP and OTP are similar. PR passes through *6. 
were less than 1 it would not reach this iar.) 



2 ' 2 

-CD f(t) = -co X 



2 

-co y. 




(If CO 
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. Solutions Exerclses " ^-5 

f : X sift. X » £ : X cos,^ x 

f « : X cos X , g' : X ;sin x • 

f " : X -> -sin X ^ • g" : X -cos x ^ * 

ffti. X -> -cos X ' , • • g«":x-).sinx 

f (^) : X ^ sin X , ' 'g^^^ : X cos X 

(a) f^^^^x -> cos , (b) g^?^Vx, sirl x 

f (^S)^ ' ^ g(^2) ^ _^ -co^x 

'^(-35)^ -) -c6^ X g^^^^ X -> cos' X 

* f(^^)x->sin. g(^^^)x->-sinx ^ , 

'(a) f(x) = sin x (b) ' g(x) = cos x 

(u) ;f"(f). = -^4 ' ■ • ^''^ «"'^t)=^ * 

(iii) .f"'(J) =-7: '. (iii) 8'"(f) 

v2 

^ (iv) f^^(^)4- , (iv)^ giv.(|)_^-' 

(a) f(*x) = A sin'ax ; ' (b) '''f(x)'= B 'cqs bx 

. (i) f (x) = Aa cos ax ^ (i) 'g'Cx)" = -Bb sin bx 

(ii) . f"(x) = -Aa^ sin ax ,(ii) g"(x) = -Bb^^cos bx 

(iii) f«»(x) = -Aa^ cos ax ' (iiif - g'"W = Bb^ sin bx 



' (iv) f^''(xy = Aa"^ sin ax Uv), g^'^fx) = Bb^ cos bx 

(a) f(x) = 3 sin rtx' ' (b) g(x) = 2 cos | ' 

f'(x) = Sir^os rtx J ■ ~ g'(x) ='--sin |. , ^ 

' ' f"(x) = -SJt^- sin rtx . g"(x) = - I cos I 

■f"«(x) ='-3ft^'cos rtx • ■ , g"'(x) = I sin I 
f(^^(x) = zJ" sin%x ' • ■ . • ■ g^'*^xy= \ cos |/ ■ 
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. 5. (a) '-^(x) =^3 sin (| + r)5 f(0) = 3 sin (f) « -2- 



(b^ (i) 


f (x) = I" cos + ^) 










3>€ 
T" 




(c) (i) 










f - - sin (-) - - ^ • 1 


_ 3 
- . t 




(d)' (i) 


f'"(x) =•- ^ cos j| + J) 1 












— ^ u 










(ii)' 




_ 


3>^ 
32 



6. (-a) g(x) = -2 cos (2x + |); g(0) = -2 cos (|) = -2 • 
(b) (i) g'<x) = 2^' sin (2x + I s 



0 = 0 



(il) ■ g' (-nr= 2^ sin (^„) = !| • 0 = 0 i 
(i) g"(x) 23 cos (2x + |) • V ^ 

■(ii) ^g':(-'I^) = S^.cos (|) =r23(i) i ll' 



(d) (i) V"-(x) = -2\sin (2x + §) . 
' (ii) .g»"(0) = -2" sin (f) = -S^l) = -16 



(e) (i) -^g^^^Cx) = -2^ cos (2x + f) 



(ii) g^'*^(|) = -2^ cos (^) = -2^{^) = 32 



■- V 



7. Let f : X ^ s,in x and write n = 4k + e, 0 '< e 
) ' 

are then 



The four cases 



1^ / 

f(^^^ X -^sin ;c , 

«r f ^ « : X ^.COS X 

(Specii^^ases are given .in the answer to Exercise l) , 

91; 



8, Prove that . 



cos X 



"f(x) =i COS X = f^^M^ 

f!(x) = -sin X = t^^^h^) 
£"(x)'c= -cos X = f^^^^(*x) 
f««(x)'= sifi'x = t^'^*^{x) 
cos X = f . (x-j 



f(^>(x) = 



2 It 6 

f(o) = t^^^o) = 1 = p(o) ■ ■ - ■ ' 
Ao) = f'*^*^o) = (X= p'(0) = p5(o), « 
f"(o) = >^2(o) = -1 =P"(0) = p^(0) 
f"'{0) = f'*^^^(0) =.0 = p'P(O) = p'^(0.) 
f('*^(0) =f'*^(0) .l = p'*.(0) =v%) = 



> 



p(x) = + c^x + a^x. + ^^x + a^x + ^ 

•p'(x) = + 2a2X + Ba^x^ + ^^^^'-^ "^^f 

' ' " 2 * • 3 

p"(x) = 2a2~t BSa^x. + ^ • 3a,^x + 5 • i^a^x +. . 

- • . 2 

p«'(x) = 3!ag' + lt!a^x + 5^ • • 3a2>f + ••• 

pC^^U) = ^'-^ +-5!a^x + If aj^x^ + a^x^. + 
p^^^W = 5!aV +'6!a^x + If.a^x^ + ... ' 



where* I = intejger. 

•t>(0) .= .0!aQ = 1 



p'j;o) = I'.a^ = 0 ^ 
p"(0.) =^!a2 ='-1 
ptiT(o) = 3!a^' = 0 
,p('*)(0> =%!a^ = 1 

p^5^(0) = 5!a^ =0 



f 1 , .1 I 

«0 = ^ ^2- - 2 - • 

= 0 a^ = d a^ = 0 , a^ = 0 



k n 



1 2 1^ li 1- 6 
i^.e., cos X »1 - 2T + IjfT X 

. ' n * ' » ' 

vihei;e . n' even g * 

x^ 

sin x^= x - + R 

(a) - sin (0,2) « (0.2) -'^^l^' * " ^ (t') 



(-1) 



X^ 
Til 

k n 



3 

^ .008 



::'0.2 



» -0.2 - 0.00133 



» 0.19867 

(correct to 5 place'^accuracy .) 



.00032. 
.5-^-3 -2-1 

.00032 
120 

/ < .000003 

V ♦ 



• ^2 

10. cos X = 1. * ^ ^ 



* 0»0^ ^ 0.0016 

' ' • SI- 0.02'+ .oooa? ^ <: 

/. cos (0.2) a 0.98007 with 
|r| < .000001 

(corirect to 5 place accfuracy.) * 
al- (a) (i) COS I 1 - ^ . 1 - I = J = 0.875 



J' .oooo6tf 

6 . 5 . U • 3 .-2 • 1 



roooo64 

' 720 . 



(ii)-- cos i-s 1 - (i) 



(ill) cos i s 1 



2'. 2 vi. ^2' 
1^2 -4.- , 



1* • 3 •2.'1 



(-) 

^2' r^l 



4 • 3 • 2 • 1 



(b) .R^ < 



= 1 
1 



1 1 JL ' 

E 153^ ■ 18U320 



6*5 * U • 3 •2' 



^2 ^153^^ 



0.000651 



Hence "cos r- « 0.88 to 2-place .accuracy . 

. ^. " • r 

^•<IB^= o.ooooo5i» - 

^ cos ^ ~ 0.87565.-^ro 5-place_ accuracy. 



11 



."227' 151+320 
^ 8-place accuracy. 



z 0.00000002 



,12. suppose >f : X -> sin x and f(x) = p(x), a £ x < b, where j; is a 
. . • - polynomial of degree n. Then 



f("^^)(x)' is ± sin 



X or 908 X ' 



depending upon n. Thus we cannot have 
s|nce ■ p^"^^^ the zero (function. 4 
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(a) sm X - ^^^^K^ - R5 vhere 0 < <jp; 
Then« ^ ' sin x - (x - ^20 "* ^5 ' 



and 



sin X - *(x - ^) 2^ 



Limit = 



' This process can be ktfbreviated as foW.Qvs: 
sin-xv-'x - -5- + 520, 
. • , sin X - (x - ^) - 3I0 

■ J' ' 

' ' ^"5 120 

X 

Hence, Limits = , ^ , , 

' > * 6 *^ 

sin x^ - (x^, r ^) . sln-t - (t 

(b) iim 10- ''^T^ 

X -*'0 V X^^ .t-*0 t'';^ 

. (see ^rt (a)) . ' ' * J ^ 

/ \ 14 t - sin t * . / / 

(c) lim r 

- lim -8( ^ - f".^) ,= I = |, s'ince >in t z 
t, ■ ; • ■ j 

t -'sin t 1 



and 



. . t - sin. tv 

^^"^ 2t 

t -»0 • 

t3' 

sin t » t - -g- . . 
t3 

t - sin t ~ -g- I 

' 3 2 
t - sin t ^ *1 ^ 52 } 

2t ~ 2t 2 
Hence, Limit* = o/ 



Let = t 

X 0 X t 0 t 

Since Cos t 1 — ^ 

^ 1 - COS t^ ~ 
1 - COS t ^ 1 

The required limit = ^ » 

Let x-^ ^ t V - ' 

' n « 1 - cos x^ ' ^i^^ 1 - cos t 
lim J- = lim V ^-j— 

X -> 0 x^ t '-^.0 t^-^ 

1 - cos t 55 — 

d • 

1 - cos t ^ 1 .2/3 . • 

' i » ~ 2 * - 

Hence, the required limit is ' 0* 
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ik^ (a) sin X » X 
* ♦ cos X » ^ 

* X ^ X 

" COS X 1 



V, 



= X' and 



, - , " sin X 
lim ' = 0. 
^ ^ cos X 

X T* 0 



More precisely if ,x > 0 
✓ ■ * 

• • 'sin X 



= X 



. ^ 0 < R, < jr. 



cos X = 1 - - 0 < Rg < 2T 



* 2 

sin X _ ^ ^ 
cos X ** 1 - R-, 



since — and approach* 0 . ^ p af)proaches 1. 

• X d , -i. " "2 ^ 

Since X approaches 0 we obtain the same conclusion*, 
(b) The easiest solution is to write 



•X cos X - sin X 



= cos X 



and to observe that both cos x^^flj^d ^ 
th^ re(^uired limit is * 0. Otherwise\ 



sin X 

X 

sin X 



approach 1'. Hence, . 



x(l - -,x 
X cos X ■ sin X ^ 2 



1 / 



2 . 



5en<;e, the Limit = 0. 
(c) sin X » X 



Hence, 



sin X 



X 



. approaches 0 as x approaches zero from' 



(Approach from the left is impossibl'e 'since t/x is iiot de 
for X < 0.) . 



^ 15. (a) sin X ? x 

• » 1 '+ cos X ^ 2 * 

sin X ^ X 



. 1 + cos X 2 

1 f cos X = 

-One can also write 
* sin X 



1 + cos X 



sin X (1 - cos x) 

(1 + cos X)(l - COS x) 

sin X (1 - cos x) 

' / 2 
1 - cos X 

sin X (1 - cos x) 
2 

sin X 
1 T cos X 



t "* sin X 
By Example hr'^d^ the limit is 0. 
(b). sin X 5! X 

r2 2 

sin X 5! X 



3, - c6 



S X 



2*2 i * . 

Hence, M ^ = 2 "and the required limit is 2.*- 

' 1 - cos X . . 



it is bj^ter, howeveri^to observe* that ^ , 

^sih^ X '^^1 - cos^ X = \l - cos x)*(l + cos* x) 
r and therefore * ' i. 0 . 



, 2 
sin .'X 



= 1 + cos X 



♦ 1 - cos X 

which clearly approdclies 2 ^ia4 x apJTf caches 0. 



1/; 
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A-5 



= 0 . 



l>-5 . 

17. (a) ^xpres's p in powers of x - a: 

. ' . p(x) = bQ + t^{x - a) + b2{x - a)^ + ... + A (x - a)". 

Then , ' \ ' 

. ' .„.p(,), .,.p.(.), ...,,'.„. ^iii • 

a^-.shown in 'Section 2-13. ' . - ^ 

/. * The assumption p(a) = fj[a) guarantees *that = f (a) , while 
the ass\inption (iii) guarantees that . ' /. 

that is', . p is^determined uniquely by (i), (ii), and (itf);^* - 



^2 



(b) p(:j) = b^ + b^(x - a) + b^{x - a)' 
where, as above, - . _ < » 

, ^ , Since ^ f : x sin-x; we h^ve * • . * 

^ • jtt^ j^--^ cos X* and f" : x -sin 5c 

so. that _ 

b^ = sin a, t?^ = cos 8f; b^ = - , 

(c) ^ The coefficients of .p,^ expressed in powers .of x - a are 

given in part (a) . ' • m ' 

(d) If g : X -> cos then arguing as above, for n = 2 

pU) = g(a) + g.(a)(x^^)> £ifi (x^ a)^ . , 
= cos a - (sin a){x -'a) - {^)(x - a)*. , ' 
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^ ' Teacher* s Commentary 
* •* Chapter 5. , ^* 

POWER, EXPONENTIAL AND LOGARITHMIC JUNCTIONS 

In many calculus books the integral theorems are used to frame ^ecise 
definitions of the power, exponential, and logarithmic functions. We begin 
by proceeding intuitively from the familiar algebraic properties, which have 
^yet to be proved conclusively in all generality. Starting with the intuitive 
concept of power, we turn to the functions based upon power: exponential, _ ^ 
logarithmic. - . ^ . * , 

, The main purpose of this cha't)ter is to' study the properties pf the 
exponential functions' f : x -* a^(« > O) and their inverses, the logarithmic 
functions. » 

It is assumed that the student is familiar witih the laws of exponents, 
in •particular with ' » 



an(^ 

. r\3 rs 

vhere • r and s are rati^al numbers. ^Nevertheless, these -matte r,s ai^e 
, reviewed and used in cop^ction with a coa^rete problem --^^e growth of a 
colony of bacteria. Section ^-U, a^ *i^iven a meaning when x^ is 
irrational. 

Ao 'altertwae approach to exponential f ur/^rfeions wo^ild have been to intro^ 
" duce and sol^ the functional^equation f(x + y) ^ f(x)f(y). We believe tha^ 
thiq development could be very^ illuminating '*fn the next coursje. 

It is shovn (in Section 5-5) tliat Ve can write an arbitrary number a as 
a power of 2 and that it is therefore sufficient to treat the single exponen- 
tial function X -> 2\ We begin with base 2 for simple concreteness. Later 
we "shall exi^ect the student, to discover tl^at exponential functions with bases 
other than e are not often used,* since any exponential function is easily 

^ X ' CGC 

given by x ->a = e , where a = log^ a. . ' ^ 



/ ' • 'gbluttons gxercises ^-1 

/ > ''5 -2 3 ' 

(a) * • =.x - . . 

(b) 10^ • 10"'^ ^ 10^ ... 
U-) (a3/5)5/3 = = a ' • - ' 

• 2.^/^' -'8^/^' ' 2^/^(^ -%^/^) po . 1 _ 

(h) ■^-9:^— = ' ^6^/2 • - ' • ^ - 

3 .. 2^/2 - 8^/2 . 3 • 2^/2 - 2 ■ 2^/2 2^/^- 2) 
55727- = /■ 2^ . 2^2 = 2^2 . 22 

^ (3 

(6W 



(0 fe^-^=(^>^ 



^ f-^*2/3-_ 5]±. /J:.-) -2/3 _ 5O . _1_ ^ 2 

25 ^ ^ ^ 5 5 ' '. 

(a) If 8? = (23)2, ^^^^ 'gm ^ g2 ^ ^ g. 

(b) If 8'° = 2^32)^ then ' 23'° =,2^ and m ='3. • 

(c) If .,2^'^^ = 16^", then 2^*^^. = I2Y = 2'*-'^ and = Um 
so that . m = U = 256. ' , ' _ - ' 

(d) If . (2'*)5 ,= ^6°*, ,then -^■= 2"*" and 20 ^ Urn, so «iat 

(e) If u' = 6u2/3, then u"'-^ = O^)'/^ and U'^-^'=u' 

(f) If '5'°''^ = 0.2, then 5°''^ = 5"^ and , m = 0. 

(g) If (|)'" = |,' then (|)"'=,(|)-' and m = -l. 

:(h) If if" = 1, then 1/ = 17°| and m"= 0. 
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iooof8"2/3).= 1000 • ^ = 1000 • ~ = 250 

3(|)-3/?-=^3(|)-3=3(f)^:3--^ = ^ .' 

(^5/2)(8-l) = (22)5/2(23)-^ . 2^ . 2-3 = 2^ 
(|)V='(2-')-'*/3 ='2V3 

Since x^-» 2^ is an increasing function as x increases, ^ in order 
of decreasing .value 'from the left we have ^ * - ► ' 

^2], 2^/3, 2-^ 2-3 \r .' . 

, • •(u5/2)(8-i), ■(i)-y3, 22/3/.(2:2./V; 2-3. 



9 

I -.1 



Xa)- An increase in* the Exponent of 3 t)y ^ corresponds to multiplica 
.-tion bv^ r, say. If we start with the /exponent 0 we have 
-3" = 1. Then ' 3^ =^ r, 3 ' = r , 3^' = '^n^l 3 ' - -r • - 
-H^nce r^V3 and r =^^^1 ^ 

(b) A decrease' ip /the exponent of 1| by 1 corresponds to division 
by 1|. Since =' = 1> ^"^ = p - = 3^ / ^ • ' 

(c) A decrease in the exponent of 2 by | corresponds %o a division 



by 2^/^. Since 2^ = 1, 



205 



^ '213^ 



Let .N(n) = 10^(2") • 



Solutions Ixerclses 5-2 " 

,t 

. - ^ 



• n 


N(n) 


In millions 


0 


1- 




. 1 


2 


N(n) 


2 


k 


In millions 


i 


8 






16 






N(n) = 10 ( 2") •'SO that^ ' - . , 

Nfn . , lo S "^^ ) , g3 , 8 
N(n + 2) io^(2n+2y . 

If = N(n /lOO) = 106(2l0«), then; ^ = i^^^f^ ='lO^(298)r 

. * \ > - . ^ ^ * 2^^ . \- / 



Thus, after 98 -days there were t- present. 
lf(n) = • a 

200,000 = N(n + 3) = N (8^*^^) . ? 

and ' 2 ' " ^ ^ ' 

1,606/000 = N(n '+ |y = a ^ 

Thus ' ^ ' 

N(n + |) ^/g- _ , . ' 

N(n + 3) " ° " and a « hence . 

-N(n) = 'NQ(i^^), ^(3) = Nq(^^) = 200,000, and = 200,bo6(U'3) . 
The formula for N(n) becomes 

N(n) = 200,000 • k^'^ , 
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(a) If n « 5, N(5) = 200,000 • ^''^ = 3,200,000 



(b) . If . n = |, N(|) =^2^,000 • 1^(3/2) -3 . , 

= 200,000 • h"^^'^ = 200,000 • | 
. " 25,000. 

(c) If N(n) =-800,000, then' 200,000 • h^"'^ = 800,000' 
" . and. h^'^ = Therefore, n - 3 = 1^^ and n. = h. 

N(t) ; 10^ . 2^ ' . ' 

(a) N(2) = 10^ . • 2^ = i+ • 10^ * 

= l# • 2^ = 16;- 10^ 

(b) N(-1) =10^ -2 



"'^-l 1 



= r • 10" 



N(-2) = 10^ ' 2"^ = ^ - 10^ 



(c) ^N(- i) =10^ • 2 



,5'. 1 



10" 



N(|)* = 10^ . 2^^^ = >^ • 10^ 



5-2 



V— ^-2 



7'« (a) If N(t) = N^a^ is to represent growth, a must exceed one 
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: / 



e. ; Rate of growtH 
proportional to amount 
present; 




Number 7 and its^f*^ 



2082 18 



(a) 2 



5A 



* Solutions Exercls$^ 5-3 




^ 2 '2'^^ a 2(1489) F 2.378 

(b) 2^/^ 2^^ « 2V?7Ia5' « 2(1.189) = 2.378' 

(a).-'2-'-*'''^ = 2 • 2*-'-^ s 2(1.110) = 2-.220 .' * 
Xb) 2^'^^-= ^ ;2-^5 ~Tj(i.569) = 6:276' * \ 

(c) 2°-^^'= 2-5? •2-°3 « (l.!46!4)(l.02l) « I.U95' 

(d) .2-°-^2\2-l^-f.l^2.25)(2.03) 

i .5(l.l89)(l.02l) s .607 



a) 8-8'* = fe3) .8^^22.52^22 .2-5 .2.02- 



' i Ml>UlU)(l.OlU) s; 5.735 " 

• • a 2(1.189) (1.007) 5 2.395. ' 



01 



r 


^2^ 


-k'.O 


.0625 


■ .3".6 


.0825 


-3^2 


.109 ^ 


-2.8' 




-2.U 


.189 


-2.0 


.250 


-1.'6 


'.330 


-1.2 


.1135 


l.!| 


2.639 


1.8 


3.^482 




^.595 


'2.6 

:^.o 


6.063 
8.000 
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5-3 . ' 

^ 



6. (a) r : T -♦a^, a*> 0/' (a constant) 




If 'a > f Is increasttjg 

If 0 < a < 1, f is decreasing 

If % = If f is constant. 



J (V) f : r 4(a)^ , a Xp, (a cojistant) 



^ If a>l, f is decreasing for r < 0 and 
increasing for r > 0 . 



;1 





If 0 < a f ^is increasing for r < 0 and 



If a = 1, *f is constant 



f is decreasing for r > 0. 



• 2 

f . r ^ (a)" , a > 0, (a ^^constant) ■ 





"If 0 <-a^ 1, , f is'^ecreasing^or t <'0 and 
* ' f i3 increasing for^ r^> Ov ^ 

'if a >*l^ f is 1,ncreasing 'for r"* < 0, and f 
decreasing for r,> 0. " ^ 



is 



If a = r, f is constant. 



(d) f ^ r -T» (2b-^:3)^, (b -constant, 2b + 3 > 0) i.e.,. b > - ^ 



Increasing: 2b + 3 >^ 1- 



b > -1 



Decreasing: 2b + 3 < 1 

- ^ < b < -1 ' 



Constant: 2b + 3 = 1; b = -1 
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£..1(1 + i^vfcD'^-'d) + ^^i^^-arHif + ' 

^nce all terms are positive, and if n > 2 there vill be at 
least i terms' ohvthe right hand side, ve may deduce the inequality 

(i) * From' (a) 2^ > , n> 2 

•-^^ — — -^^^^^^^^^ ;o^00 ^ aoo'v99 . ' ' 



■ 1^^ 99 



100 2 



/ N / X .w^ • • olO>000 . 10,000(9.999)' 

(ii) In (a) let n = 10,000; 2 > ^ ^ 

10,000 2 



Prom (a) ve have 



n n(n - l) 

<i ^ 2 : 



2^' . n - 1 



If n > 0, then > — ^ 



As n .increases, the contribution of (- |) Is negligible, and. ^ 

increases without bound. Therefore^ sinc^* — is greater than 

n , ' ' 

B - i . i« vill also increase without bound. ' ■ " 
, 2 2 ^ n ' ^ . . 
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log b , ^ 

(a) In (h) log b = = — - — substitute x' for b, and b for 
^ ' ^ °a log a . ' 

c 

We then have log x = = 

/. log^ X = (log^ a)log^ X, or uping (5) 
log^ :q (log^ b)log^ x. 

I.e . , In the first relationship 'log^ a is the constant of 

• / proportionality; and in the second, log b. 

' a • 

\ 

(b) log X = 0, if X = 1. Therefore the x-int^rcep}i. is /Qt-yO) 

log b, log^ b 

-•^^^a ^ ^ log a 0 = b, and we have log^ b = 

M x3/2''.= a3/2 1°Ba-(6). / ' 

' . ' i/p 3/2 log, X . J 

^ With, a = 2, we have x^' = 2 "* ;| 

3/2 3/2 log^ X 
With a*= e, we have x ' = e 

1^ . • 

/w\ / / \X X logo X ' 

(b) (x ) = (x) = a 

2., . ^ 

With a = 10, we liave (x ) = 10 

^ ' 2x 1^ X 
/ N 2x • T a • 

(c) K =a r ^ ' 

• .\ 2x ' log^ X 

With a = e,\ we have ^ x = e 1 

^ / X\ / Xv. x log X ^ 

/ ,\ (x ) (x jlogo X ^ . X a 

(d) X ' = a ' °s But X = a 

' / (x lo€ x)v, ^ 
. {x") . . ^ ^1^83 X ^^^^ 3^2;; we have 



r/ . ^ logo X - 

, XV [(log^x) .2 23 
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Solutions Exercises 

Reading frGm the' graph, we find ^ < 

.2^-^5^,2.2; 2^-65 sg.3-. 2°^^ ^ 1.5; ' 2-°-'^2 ^ ^ ^ 

* * 

The values obtained In Exercises 5-3, Number 2 were 2.220, 6.276", 
1.495, and 0.607, respectively. A comparison ,sh^d reveal a ' 
dlffefehce of not more than 0.2. ' * *^>r 

(a) 2^Z 2^'^\z 3.3' ^ , . . " 

(b) 2''^z 23-1^^ 8.8V ' ^ 

(c) W^:: 2/'^^^ .6 ^ . ^ 

No,' there Is no real number :c such that 2^ = 0. We clve two 
arguments to support this statement. The second Is very neat, but 

more sophisticated. ' ' . 

* f ' . * 

Ja) There ls;no such real number x >0 since f : x*->2^ Is an 

Increasing function and , 2^ = 1 So that . f(x) > 1 for x > 0 

^ If X < 0 we set t = -x; .hence, ^ = -i- since there Is 

* 2^ . 

no number 2* such that = 0,' the3*e Is no real number x 

2^ 

such that 2^ = 0. 

*' ^ ' , *^ ^ ' ^ 

(h) If X ^ Is a real number such that 2^ = 0, and it y Is any 

real- number whatever, then y - x Is a reel number, 2^"^ is, 

therefore defined, and we have 

. 2y-^.- 2^ = 2^-^ -0 = 0, " 

■ but , ■ • ' •'. • • 

• " 2^-^ • 2^ = 2^, 

therefore _ ' < j2^ = 0. 

1 ' 
for every, real number y. But 2"^ = 2, so this is impossibl*.- 

(a) If 2^ = 6, X s;|;..6^ (d) If 2^ = 3, X s 1.6 

(b) If 2"" = .h, xX-l'.3 _ (e) If 2'' = 2.7, x » 1.1* 

(c) If 2^^ = 3.8, X s\9 
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Solutions Exercises ^ • . ^ 

We first 'write 2(1.7). In order to expraes 1.7 as a pover 

of 2 we may, 

.77 

(a) use the graph and'Tead 2' » 1.7, 

(b) interpolate in Table l|-2 between the entries 1.68179 and 
I.7I1IIO, obtaining x s^.77, • 

(c) if we do-not object to the calculation involved^ divide 71.7 , 
by ' 1.682 '(since entry 1.68179 =^'1^682 ) obtaining 

1.7 t'^(l,682)(l. 0107)*. ♦ '\ ^ \ 



Using the table again we note that 
^.01 



hence 



< 1.0107 < 2 

1.7 ::,*(2-'^5)(2.02) 



.02 



.77 



'Getting back to the given exercise we may now express 3-^ = 2(1.7) 
sfe 2"^(2''^'^) =,2^''^'^ (approximately). We^ should note^\^at th$ graph 



gives a satisfactory approximation 



/ 2. We write 2.61+ = 2^(1.32); then, since' 

2'^^ = 1.32, 
- 2.61.. ^^(2-^^) =2^-^^. ' 
Thus, (2.6l,)^-3 , (,1.1^0)0.3 ^ ,0,^2 ^ (,0H0)(,0.025^ 

From Table 5-3 > have 

* ' 2°-'^= 1.320, 2°-°2 = l.01»f; 

hence {2.kf-'^ « {2^ S {2^^ •'^^) Z (l .32) (l.OHi) z l.^k. 

' Alternatively, the graph of -x -^^ may be used twice: 
.first to see that 2.(i\'-z-'^'^ ; then to find 

# 

^ Using the graph, we'obtain the result 

^2°-^^«1.3. • 
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3. We first write 6.2^6. ^'^^.^69) . 



SO that 



e table or graph gives 
1.569 s:\2^'^5 

\ 



6.276 = 2^(1.569) = 2V(2^'^5) ^ 2^.65^ 



^^ (61276):^^^= (2^-65j-0.6^ 2-1.59 

* ' , ^ e ^ r(l-33) « 0.33 

Alternatively, to use" the graph we round / 

. - : — . ♦ . ^ . • 

6.276 » 6\28 and read off *2^'°5 a 6.28s *' 
Then since ' , ' r 

• ' ■', .. ' ^ (6.28)'°-^ a ^2^'6^y0.6 ^ ^-it^g J, 2-1.6 
we refer to the graph again ^ind read off 

, 2-'^-^ « 0.35. , 
The result is Satisfactory, and quickly obtained. 
4. Since 5.2 = 4(1.3) and 1.3 s 2'3^ 

5.2 s 22(2-38) = 2^-38 . > 

Thus, 

(5.2)2-6 « (22-38)2:6 ^ 26.188 ,^26(2^^) . 



2-2(2-'^l) 



But 
hence 



We hav< 



2^(2°-19) , 26(^^^^j ^ ^-^^^^ 




*(5.2)?-^ « 73. 
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5. Prove that if 0 < a <rl^ and v > then a < a . 

• Prool: Let -b = i Then > 1 and b^ > b^, 1^ v > u. 

' V u * 

Dividing' -by b' b 



an'a finally 
(a) ' X l^""; ' = 2^5 



. 1 




















t = 2 





(b) X -^CS-SO)"" = ' _ ' - 

" ';. 2°:3.60V2(i:80):2V;^5)^^1.85 ■ ^ 

i.^ a = 1.85, and 'the function x -^(S-^O) , ^ may be . 

^ 1 . 85X' ' } 

expressed as x -» 2 ' . 9 - v 

(5) X (.5.736)'' = (2V - 



5° = 5.736 



,2.52'- • 



= 2 



Linear interpolation 
Table, value: ^''^^^\'.\\\ 



- l.i.3'..^|Jg(.05) = 



Table vafeF 2° '^^ ■= ^ • '^^'^^ 



i.e. , a = 2.52, and the function x (5-736) . may be expressed 
.,2.52x 



as X -» 2 



Vr, 



(d) X -.(o.V2o)''"= tr)^- "' 



iVs^li%^^^ -i.25, .'and.tli^nction' x -> (O.U20)^ may be 
^% , expressed a& .^^^ 2 ' , 
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The ^f}h6tfoi\ ' x h> may be written as^x ^ 2^ ' 

--Thejfunction xl^b^ may be written as x ^2^^ 

rrfa)* iKa <Ub^ then 2^ < 2^. Therefore, since "2^ is an^ 
• increasing function, it follows, that a < 3. 

(b) As ' |b - 'a I decreases |3 - a| also decreases. 





For these values 'of b 






• 


•2.3 




p = 


2 


1.6 


= 1.2 


1.03 



a = 



' ■ • • ^ . b.v=: 4 , tl^n '2^ = and g :^ 2 

If b = 3? , then 2^ = 3 - 2(l'5) = (2^)(2^-^) = 2^'^, . 
' ^ and 3 g 1,6 ^ » 

. * If b = 2.3 , , then 2^'= 2,3'= ^(1.15) ^ i2^){2^*^) = 2^'^^, 

an4 *Z 1.2. 

If b = 2. Oil , the^ 2^ =\2..0lf = 2(1.02) X2^)(2^'^«^) = 2^-^3 
and 3 1 A03 

8, If the solution of Number 6 above\is used, this question has been 



ansvered." ^ 

(a) Positive, because if x ^ a is, increasing, then a > 1^ and a > 0. 

(b) Negative, *^ecause if x ^a^' is decreasing, then 6 < a < 1 and a < 0„ 



+ 1) 



(independent of x) 



Iff a > 0, then 




' , If a < 0, then 0 < 
(d) /='2°^= (>)°>(2^)2 5ince a ■> 2 ' 



If a > 2, a' 



^ > (2^)2 
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9. (a) The graph of x -> a^ Ca > O) .crosses the y-axis at the 
point (0,1). This y-intercept if independent of a. 

(b) If X -> and 'x -> 2(2a)^, then a^ = 2 • 2^ • a^. , 

i 

- It follbws that 1 = 2- 2^ and 2* =2^. x = -1 

(c) If x-»a^ and; X b(ba)^, (b(Re) > O) 
then = b • • a^* " * > 

It follows that 1 = b - b^ and b"*^ = b^. x = -1 

' (d) If x-»a^ and x b"(ba)^, (b(Re)>0, n{Re) > O) 

^ ' ' \ ^ ^ ' 

*u X , n ,x ^x 

then §1 D • b • a . 

It follows that 1 = b'^ •* b^ and b"" = b^. /. , x = -n 



/ 
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Solution^ Exercises ^-6 



V 1* logg (x s logg 1 = 0. For any real number x > 0, 



1 ' ^ 1/ 
log^ (x • « logg X + logg ^ 



/. logg X + loggC^) = 0. l/ follovs that - » 

« « / 

logg (^) = -log^ X X > 0 . • 

~>-A,.v-, 2. ' for any real numbers x^>,0, > 0, ^> . • * 

- ' • .' , . 

log^^ = logg {x^)(i) . log^ x^ + log^ (^) 

= logg x^ - logg Xg, froto Exercise 1. 

Let a = logg*^^ and b = log^ x * 

.r 2°" 4 and 2^ = X. But .2^^ = x^ 

^ - .-. 2° = 2^^ and a = by 

Substituting for a and b it follows that 

. * logg x^- = y logg X 

h. (a) If logg X > 0, then x > 1; if log^ x < 0, then 0 < x < 1. - * 
t^' (b) (i) If logg 2x > b, then x>|; - ' 

* if log^ 2x < 0, then 0 <'x < | . 

(ii) If logg (-x) > 0, then x < -1 . • ' . * 
if logg f-x) < 0, then -1' < x < 0. 

(iii) If logg* (x - 1) > 0, ,then« x > 2 . ^ , 
if log^ (x - l) < 0, then 1 < x < 2. 

- (iv) ^ If log. (1 - x) >'0, then x <;<) 

if logp^(r - x) < 0, 'then 0 < x < 1. 

(v) If l'pg2(2x - 3) >0, 'then x >2 ' ' 

If log2(2x - 3) < 0, . tlien | < x*< 2 , *. 

(vl) If loj^(3 - 2x) > 0, then x <:l * 

if log2(3 - 2x) < 0, then " 1 < x < | ! 
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7. 



= log2(7 - 2x) 






/' / 


-1 0 


/ 1 / ; 


V ' 




2^ = a 




log^ x3 


= 5k 




= x3 • 


log^ 2W 

.•; . 


"= k 

< 


logg 13 






1 = 0.6 


logg (0.6) = 2k 


(2-1) -3 




■(2)^3 ^ 


mn 



' or 2 =9 



(A) (2) 



^3/2 



■2 ". 2 



-or y iog X - ^ 



■2 " 2 



J, .: log^ mn = 3 

l6.- (a) . logg 2 = 1 . 
'(b) logg 4 = 2* 

(c) logg 8 = 3 

(d) logg 16 = 1* 



(e) logg 1=0 

(f) logg I = -1 

(g) logg J = -2 
,(h) logg ^ = -3 
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1 < log^ 3 < 2, since * 2^ < 3''< 2^. 



2 < 



logp'5 < 3, since 2^ < 5 < 2^ 



2 <i logg 6 < 3, since 2^ < 2^.- 

-2 < logg 7 < 3, since 2^ < 7 < 2^. , ■ 

3 < logg 9 < h* since 2^ < 9 < 2 . 

3 < logg 10 <'h, since 2^ < 10 < 2^. 
3 < log^ 13 < ^. since 2^ < 13 < 2^. 
k < logg l8 < 5, since 2^ < l8 < 2^. 
> < logg 31 < ^, since 2^ < 3I < 

5 < logg 3^ < 6, since 2^ < 3^- < 2^. • , 

5 .< logg 60 < 6, since ^ < 60 < 2^. , ^ 

6 < logg 99 < 7, since 2^^ < 9^ < 2*^. • ' 

log^ (0.9) < 0, since jfe'^ < (0.9)^< 2^. 
-1 < logg (J) < 0, ; Since 2"^ < (J) < 2^. * 
-2 < logg .(|) < -1, since 2"^ < (|) < 2""'-. 
-3 <9 logg (0.18) <..2, since 2*^. < (0.I8) < 2"^. 

FrcMn Number ^{a) : 1 < log^ 3 < 2. j 
using Table 5-3: ' Interpolatloni ^' 

log, 3 = log, (2)(1.5) • lo,,.,,-lMk. 

= log,(2).log,(l.5)>^°^-^? = V^°!'^^ 
• z 1 . 0' 59 ' V ^-511 

z 1.59 ' 51 

From Number : 2 <*log2 5 <*3. 

Using Table '5-3: 

logg' 5 ='^og2 l|(l.2b) 

^ = logg U + l^gg 1.25 

S 2 + 0.33^ " 

« 2\33 



X .05 - .035 - .01; 
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fe) Prom Number U (gj: 3 <'log2 13'< U. 
~ -Using Tabie 5-3! . . ' ' 

logg 13 =.log2 C8) (1.625) , . ^* , , 

= logg (8),«f logg (1.625) 
s 3 + .70 

« • 

~ 3.70 

13. <a), logg 6 = log^' 2-3 = logg 2 + logg 3 - 1 + 1.59 = 2-59 

(b) logg 12 = logg k'3 = logg k + log^ 3 « 2 + 1.59 = 3.59 

(c) logg 2k = logg 8-3 = logg 8 + logg 3 =5 3 + 1-59 = '*.59 
(cl) logg 9 = logg 3^ = 2 logg 3 2 2(1.59) = 3 -18 

(e) logg 27 = logg- 3^ = ? logg 3 ~ 3(1.59) = h.V ^ 
(f.) lofeg. 169 = logg 13^ = 2 logg 13 s 2(3.70) = 7. 1*0 
^- (g) logg«.5it = log 2.3^ = logg 2 + 3 logg 3=1 +-^^.77 = 5-77 
/•(h) logg 36 = lo^lt-9'= 2 logg 2 + 2 logg 3 Z2 + 3a8 = 5.18 
(i) logg 52 = logg It .13 = 2 logg 2 + logg 13 = 2 + 3.70 = 5.70 

Ih. (a) 2° = X. (d) -2^/2 ^ ^ 

.'. -x =.1 • . ' .\.x=-/2 



(b) 2^=. - ' (e) .2-^/2 

16 . .-. X = ^ 



(<=) 2"^''=x ■ - ,3A 



^ =2 



(f) 2^/'* = x 



K - 1 

• » , or X = 



f 
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15.J '.Prlffly, repeating earlier ^g^elopment 
■ 1. r 



an ^ n(n - l) - ^1^^^ , ' V' • ' 

^ logg 2 > log^ ^ . • \ 

n Xog^ 2'> log^ n(n - 1) - log^ 2 
n > log^ n{n - l) - 1 ^ 
log-^ n(n - 1) < n +^1 



or alteriiately 



if 2^ >n(il^ ^ 
.(n + l)log ',.^^:^»^log xi{n - l) , 



and n + 1 > logi- n(n - l) . 
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Solutions Exercised 3-7 . 



1. (a)r a ^ a 1 (d) 8 , , 

•• .3 

- 2 lot? ' 

■ (i) a ^ = 32 (e) 16 



3 logp 5 
2 • . = 125 



2 log. =2 



1-/2 log 3 ' .\ , 1°82^^ 

.(c) a -.^ =V3 , -32^^ 



5C^ log 2] 
2 ^- \ = a 



2., 32 = 4''<t=> X = I 

3. a • s> = a = (a ) = a <t — > m = J. 



4, log (x • ~) = log" 1 = 0. For any real number x > 0, ' f 
3-0gg^(x • ^) = logg x.i iog^ since log^ x + log^' (^) = 0, ^ 



(-) = -Log X for X, > 0.*' ' \ 
X a 

• ft • 

5. For any real numbers x^ > 0,^, x^ > 0, 

= log^ x^ - log^-Xg^ from Exercise k. 

6. If f.: jc -»a^,^ f(l) = a, ■ f"''"(a) = 1. In^ther words, log^ a = 1. 

7. (a) 10^' = 35 • • 
(b) 2'' = 2^ 

, (°) ItJgj^Q 5^ =,x, so that 10^ = 25, or 10^/^ ='5 
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5-7 \ 

8. logj^Q 5 =-logj_Q 10 - logj_Q 2 a 1 - 0.3010 = 0.6990 

, 10^3^^ ) = log^o 5^ - log^Q 2^ = 2 log^ 5 - 2 log^Q 2 ^ 0.7960 
•-lo^(^) = 7 lo&LQ 2 - logj_Q 5 S 2.1070 - 0.6990 = l.JtOSO 

-X 9. (a)- log^25-^ " I ■ 

- (b) logj^Q 0.01 s -2 ^ J ' 

' '(c); logg^ 81 = I ^• 

(d) logQQ^ (P.QO8) = I 
-(e). log^g 2 = 1 or log^ 2 = ^ 

logg (x + 9)(x) = logg 36, hence x . + 9x = 36 
x^ + 9x - 36 = 0 )j!=> x =.3 of X = -15. 



10. 



The only root of 'the gi'v^ equation is 3- 
11. (a) logj^Q k = 2.1ogj^Q 2 = 2r 
- (b) lo'gj^Q 6 = logj^Q 2 +-logj^Q 3 = r vs- 

.l°8^0'l=-3'-°Slo2^-3^ . ^ ( 

(d) logj^Q 10 = r + t = 1 

(e) ,log^Q e.5 = logj^o 5 - ^°8l0 2 = t - r 
(f^ logio I = ^o^io 2 - 2 log^^o 3 -= r - 28 
(g) log^o I ^ -. log^o 5 - 2 log^o 3 + I log^o 3 = t - | 



s 



(h) logj^Q 8 3^100 = 3 log^LO 2 + I (^°8l0'^ ^°^10 5) 
= 3r + I (r Ct) = I (llr + 2t) 
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X2. (a), log'.-ioOO = 3 



610 

. 4 



It 



(b) loeg.oi 0.001 = x'<=> (0.01')^ = (10"^)^ = 10"^ «=> X 
•(c) lo^^- C^) =1083 O""") = -1^ 
id) log^._.(32) = X ^',1^'' = 2^ O X = 2.5 
(e) ''log;-! (0.0001) = -1^ since lo'*^ = 0.0001 
- ' (t) "*li>|5^_5 16 = X o (|)^ = = 2*^ ^ X = -1^ 

''i&y 10-4 2^ = 3 ~ . 

•^Ch)- logj^Q = I < 

(i) • logQj^ 27. = X 4=> (S^"" = 3^ 4=> X = J 
(J) logg >^ = -x <J=» 2^ = (2^)1/2 <^ X = I' 

13. (a) 5 + 5 = X «=J. X = 10 ^ 

(b) logio f7rip'= ^°«10 = '°«10 3 ^ X .-1 = 3( 

(c) (log^ 5)(log^ 7).= log^ 5 <=* 3i = 7 

lU. (a) 1 . • ' (d) 19^ = X - 2 4^ X = 2 

(b) ^ • (e) 10-3 

(c) 10 " " (f) 10"2 = 2x - 1 -i=J> X = 

15. 

(b) For all real x > 0, \ ' ' 

(c) For all real x > 0 where x 1. 

(d) log^ 2^ = 2 4=> x^ = 2^ X = 2^/^ 

Roots are 2, 1^, obtained by trial o^r by gra'phing 
and y = .2^^^. 



/ 5-7 

/ . ' ■ . 
l6. (a) Show that if a > 1, then x ^ log^ x is an increasing ♦function; 

i.e., show that for a > 1, if x^^ < Xg, then loSg < loSg '^2 ' 

• — ^ 

Given:, x^^ < x^. If a > 1, It follows that 

log x^ log^ ^2 ' ■ • 
a • < a 8*» ^ _ 

» 

and ' log^ X < log x . 

"a i a c: • © 

(b) Show that. if. 0 < a < 1, then x ^ log^ 'X >is a decreasing 

function; i.«. * show that for 0 < a < 1, if x^ < x^, then \ 

log^ x^ > log^ x^ . ^ * . . ^ 

Given: x^ < x^. If -0 < a < 1, it follows that 

log X log^x^ ■ ^ - 

a > a 



and 



log^ x^> log^ x^. 
log^ b 



17. (a) In Ik) log b = z — ^ — substitute x for - b, and b for .c. 

W^then have log x = z - 

« a s 



/. lofi^j^^ a)log^ X, or using (5) 



log^ X =*(l06g b)rog^ X, 



I.e . : In the first relationship, log^ a , is the constant of 
proportionality; and in the second, log^ b. 

(b) log X = 0, if x'*= 1. Therefore^ the x-intercept is (l,0), 
a * 



log b 

C 



log^b^ 

- {h) , Let c = b, and we have log b = j--- — - 

a j.og« a 



(5) 



Is 
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TC Al-1. iFunctioris 



Teacher* s Conurientary' 
Appendix 1 
' FUNCTIONS AND (THEIR REPRESENTATIONS 

) - 



Functions whose domains and ranges are subsets of real numbers are usually 
called "real valued funations of a i*eal variable." 



Example Al-lb . The statement that the range of the ^functions 
f : X — ^ x^ , is the set of nonnegatlve reil numbers is equivalent to the 
, statement that every positive number p has a square root. This can be 
proved in the following way. Let A be the set of nonnegative numbers '.vhose 
squares are less than p.\ A is not empty since 0 is in A. A is bounded' 
above, say^by p + 1.. Thus, A has a least upper bound^ s (Appendix 7).' 
We cannot have s < p for, if h < 1, then * - > . , 



s + 2sh + h 

= s^ + h(2s + h^ 

< s^ -+ h(2s + 1) ^ 

+ h(2p + 3) . 



Thua^ if 



mind, 2^}, . ■ ^ 



then (s + h) ^ < p and s " could not be an upper bound for A, Similarly, 

2 ' • 

s >«p is impossible, for if 



^2 

0 < h < " 



s ■ P 
2s 



then (s - h) > p, and thus s 6ould not be the least upper bouu^l for A. 

2 •* - 

H,ence' s = p. 
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^°°^P^^ Al-le, We can define ftiany other functions whose graphs are con- 
"t alned in the graph of x + y = 25; we need only assign to each x 'either 

- X »or -725 - x^. For^ampl^, for any a, -5 < a < 5, we hav^, 



/25 - X , -5 < X < a 

■a = ^-{ J 

"<25 - X , a <a>< 5, 



or 



f : X 
unnny 



>^5 - , , X rational, |x| < 5 



^25 - x^ , ;c irrational, |x| < 5. 
However, the examp]/es in the text ,are distinguished by the property that they 
are the only continuous functions defined on [-5,5] whose graphs are con- 
^ tained in the graph of x^.+ y^ = 25. 



Solutions Exercises Al-1 * ^ ^ 

a ' ' *r 

I 

1.- Below are given examples of associations between elements of two sets. 
Decide whether each example may properly represent a function. This also 
requires you to specify the domain and range for each function. Note that 
no particular variable has to be the domain- variable, and also some of tlje. 
relations may give rise to several functions. 

Note that answers supplied are not necessarily the only correct ones. ' ^ 
They are^^ike the, examples, merely sani|)les of - tl>e kind of ideas that 
arre possible. 

(a) Assign to each nonnegative integer n the number 2n - 5. 

This is a function with-domain the, set of nonnegative integers an'd 
range the set of odd integers not less than -5 , ^ i ' 

(b) Assign to each real number x tKe number ?. ^ ' , ^ 



A constant function. Domain the set of real numbers. Range the 
v:, ; set consisting of the one* element, 7. 



• 



(c) Assigiv to'the number 10 the real number y. 

/ 



• Not a function. ^ 
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i9 

(d) *Assign to each pair distinct points in the plane the distance 
, between them. 



A functjon whose domain is the set of all pairs of distinct joints 
in the plane and whos 

(e) y = -3 (for all x) 



in the plane and whose range is the ^et of positive reei nuri^rs. 



May represent a function (constant), whose domain is the set of 
rea7> .mnahers^ The range is {-3). * V . 

(f> <^x = If (for all y and z?) T ■ / ' ^ 

* I 

Not a function if x is considered t^e domain variable. It is a 
function* if the set* of ordered pairs (y,z) is considered the domain 
with y and z real numbers. The range is {If}, 

(g) X + y = 2 * * ' ■ ■ 

A function, domain ^ {x : x is a real number} and 



range 



j^K')! J y = 2 - x}, or vice versa. 



(h) y = 2x + 3 



^ function, with domain "che s^t of all real numbejrs and 

range = (y : y > 3}' 

If y is taken as tHe domain variable, the range set must be » 
restricted to avoid ambiguity, and if the range is restricted to 
* reals, the domain may have to be restricted to real numbers > 3. 

(i) y^ - if) = X * 

If X is an element of the dtnna'in,- this equation does not define a 



fiinction explicitly • • But f .: x y = /x 4- if , x > -if, * and 

g. ! X y = */x + 4 X >~-^, c^rV^uSctions whose raiiges are the 

nonnegative and nonposivbive rearl^lr^umb.^^ Also 

h : y X =5 y - 4, y J£ -'S ' OOLJ Jr > 2, is a /function whose range 

is {x : X > -If}. ^ \ J / 



i 



!♦ Usually, trie 4omain Is restricted to the set 
{x : < x*<. k) so^that the range will be real numbers, here the* 
interval [-^,0], Complex numbers are not used in thi course ^ in 



This equation does not represent a ^function explicitly. See part 
(k) for one possible function obtained from this equation; 
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(i) 



(10 




(i) 



I 

I?. 



f 



! V' " ^"^'J-K "^''^-V V'''-^* H^'' ' 



3. A function f is completely defined by the table: 



X 


0 


1 


2 


■3- 


k 


f(x) 


-3 


1 


5 


y9 


13 















i 


y 


1 * 









(a) Descriise the domain and range^^ f. 
Domain = (0, 1, 2/* 3> i*). Range = {-3, 1/ 5, 9, 13). 

(b) Write an equation wi^h suitably restricted domain that defines f . 
f(x) = i4x - 3, X, an integer, and 0 < x < i*. ' ^ 



k. If f. : X X + 3x - , find 
; ' f(0) =' -h . 

(b) f(2) = 6. . 

(c) f(-iy = -6. 



(a) ^ft^ =3^-1- 

(e) f(2 - = 8 - Tv^. 

(f) ff(l) = f(0) ^ . 



^5 
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5* If g is ,a functidn defined by g(x) 



6. 



(a) 8(0) =0 ' / 

(b) g(l) = 1 
".(c) g(-l) = -1 

Whichipf the following mappings represent functions? 



x) = 


2x 


/ > 2 




/5 - 


(d) 


g(^) = 1 


(e) 


g(-3) ) 


(f) 





, find if possible: 



undefined . 



■1 , 



(a) 





(d) 



(b) 




(e) 



(c) 





{a),^(c) and (d) are/ 
fujfictions . 



7# Given the function f : x — ^ x and g : x— 



number, are f and g tHfe'^same function? Why'for 




JIX x ^is eHreal 
not?" 



They are HOT the same function, ^since x = 0 

but is in f . 
♦ 

4. 



istnot in the j domain or g 



A 
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8, Given the functions f : x — ^ x + 2* and' g.: x-^ . If x is 

- real, are f and g the same function? Why or why not? 

. They^re not the safrie function, since x = 2 is hot in the domain of g 
but is in f . 

/I ^ " 

• 9. What number or numbers have the, image 10 under the following mappings? 

*»• 

(a) f : X ->-2xr X = 5 

(b) g : X -^x^ ^ , X = ± 'yiO • 
-. (c) h X /x^ + 36 ' • x = t8 

(d) a : X |x - X = -6 , ^ . 

(e) X — w[x] ■lO<x<ll j ■ 

. 10. Which of the following statements are always true £or any function f , 
assuming that x^ and x^ ('are in the domain of 

i%J If, x^^x^, then f(x^) =^f{x^).' • 

^ (b) if x^^x^, then f(x^) ^^'fCx^)* ^ (^) (^) ^-^^^yg ^^g. 

.(c) If f(x^)=f(x2)^ tUe^" x^ = x^. 
(d) , If 'f(x^) ^ fU^), then x^ ^ x^. 



11. If f(x) = |x|, which of the following statements^ are t^rue for all ^real 
numbeifs x and t? f ' ^ - 



(a) f is aft odd function. 



• (b) f(x2) '"'^^^ 



t) < f(x; 

(d) f(x + t) <■ f(x) + f(t) 



(c) f(x - i) < f(x) - f(t) 



(b) and (d) are true statements. 



12, Which of the follov^ng functions are, even, ^which are odd, and vl^Lch are 
neither even nor oda^>w ^ 



r, 



(a) 


f. 


: X 


— 


3x 


odd ' 


(b) 


f 


: X 


— 


-2x + 5 


even 


(c) 


f 


: X 




p 

X - ^x-+ 


neither 


(d) 


f 


: X 


— 


-2x + 1 


^ neither 


(e) 


f 


: X 




x^ + 1^ . J 


neither 


(f) 


f 


: X 




x^ - 2x 


'odd 


(g)' 


f 


: X 






neither 


(h) 


f 


: X 






even 



13 • Which of thesjS^Llbwing graphs could represent functions? ^ 



(a) 



(c) 
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a d. e and jf could represent functions. 

111. Suppose that f : x -^ fM is the function whose graph is shown. 

7 ' ' . 



/ 




(b) g : X ^ f(-x) 



Sketch the graphs of 

(a) g : X -f(x) V 



(c> g : X 



(d) g : x-*.^ f(|x|) 



m 
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23T 



245^. 



f Al-l 



15. A function f is defined by f(x) == I 

< . ' *\ a 0 

Identify this function and ^ketch its graph 
The signum function. 



for X fkO, 
for X = 



/ 



« 1< 

< 














"^l^* Sketch the graph of each function, specifying its domain and range. 
'^^^iS^In each case, the domain is the set of all real Clumbers, 





Range: all nonnegative 
^ reals, . , 



Range; all nonnegative reals. 



(,b) -f :,x-^ -|x| ' ) (d) f(x) = l'- Ix| ^ 





Range: all nonposltive 
reals. 



j^ange = {y : y < 1) 
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/ 



'.(e)i 'f : X kl 



! (h) f : X 




0 • 


y ' ♦ • 
1' 2 3 






-K 




" ' -2 









^. Range: all nonnegatiVe 
reals . 

if) f : X |x| + |x - l| 

(Hintir^nsider separately 
^ the three possibilities: 
X < 0, 0 < X < 1, and 
X > 1,) 

y 



Range: all integers. 



(i) f : X 



Jxl 





R^inge ' {y : y ^'1} * 



. 'Range = {y : y = 0 or y > 
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( g) f : X sgn X 



1<> 



-6 -1 



(j) f : x--,^ x[x] 

y 



Range = {-1^0,1} ; 



\ 
-it 



-2-1 



■6 

t 5 
k 
3 



r-2 ■ 3 



Range =- (y :..y > 0- except 

' 2 * 
y =^ n - n,. 

.integer > 2} 



♦ y ^ n^ - n,, vhere* . n' 'is an 



f|7 




(Z) f : x ^ - 2x - 3t 



Range = {y : y > 0) 




Sketch the graphs of the functions in Exercises 1? to 19. For those functions' 
which are periodic, indicate their period. Indicate those- functions which are 
even or odd. ' . - . * • ** 



17 



. (a) -f : X ^ X - [x - ^] I (b) f ; X Sx^'* [sx^] 



-1 . 



^ 1 




. Periodic* p = 1 



Functiem is EVENv 
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iTote that f(x) = g(x) + h(x) vhere ^ g(x) = - [2x] and 
h(x)'= 3x - [sxj two periodic functions like that of part (a)/. 
Functions ^ and h have periods | and respectively; hence 

g + h is periodic and its period is the least common integer , 
liiltiple of I and | , which is 1 ; i.e., 2 • | = 3 = 1. In ^ 
general, if two periodic functions f^ and f^ have periods 'p»^ 
^and' pg, respectively (p^ ', p^ , positive^real numbers), and if there 
exist integers n^ and n^ such that n^p^ = n^p^ , thep f ^ f g 
is periodic with period^ja^^t 

Note also that the s;Lope of each piece of the graph of f is 5« 



(c) f ; X 



c(>^ + 1) - [xv^] - [x] 

y 




In this case, f(x) = g(x) + h(x) where 'g(x) = x>^ - [x>^] and 

' ^ 3 • ' 

h(x) = x - fx^f. * The period© g and h are — and 1 ^ 
^ ' V2 ^ , * 

respectively, and since these numbers are ii^cqimnensurable, 

f = g + h is not a periodic function. Note that the points of 



discontinuity occur -at the^integers and at integer multiples of 
— , The slope of each piece of the graph of f is i + 



2k2 



This function .is also called" 
' 'the Heaviside Unit function 
/ apd is designated by 

f : H(x). 



(b) f : x-^ H(x) + H(x - 2) 

/ 



2*. 
li 



0 !l 2" 



t <c) f : x-*-*H(x) • H(x - S) 



(d) 



J 
(e) 



2" 
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20* If f and g are periodic functions of periods m and n, respectively, 
(m and n ,° integers), show that f + g, and f •g are also periodfc. 
^ Give e;fainples to show that the periled of f + g can either be greater or 
less tH^han both of m and n* Repeat the same, for the product f •g* 
7 . ,^ fNote: ^'The problem in the text lacks ^the condition, ^'m and n, ^ 

integers*") ' o 

Since any Integer multiple of -a period is also a period, f + g and- 
f • g are periodic with peripd mn. However, this may or may not .be the 
' fundamiental peripd. ' , - ' * ♦ 1 ^ 

^' ' • ^ . ' 

' ' , . e 



lif we choose f(x) = sin nx (period 2) an^^ bU). = &in -j- (period 3), 
tKen f +-g and f 'g both have period 6. ^ ^ 

If, however, we qhoose f(x) .= sin ^ (period 3) and . ^ 

3 



g(x) .= sin nx - sin ^ (period 6)', then f + g' ha§ period 2. 



If f(x) = 2 sin nx (period 2) and g(x) = cos nx (period 2), then 
'f (x) • g(x) = sin 2nx which has period 1. 

'21.' (a) Can a function be both even and' odd? 

Yes; only f : x 0. 

(b) What can you say about the evenness 'tor oddnessof the product oft 

(1) an even function by an even function? - EVEN 

(2) an even function ' by jan odd function? ODD 

(3) an odd function by an odd function? ^ EVEN 

m ' ^ * . \ . 

^ (c) Show 'that every 'function whose domain contains -jj wiienever it 

contains a can be expressed as the sum of an even ^function plus 
- an odd function, 



0 . ^ EVEN ODD 



22. Tind functions f(x) satisfying f(jc) ^(-x) = 1 CcaUe^ a functiojial 

^equation) • ^ - ^ 0 n 

^ Suggestion: Use Nximber 21(c). ' 



Let . f(x) =.E(x)^+ 0p) where E Iff even and 0^ is ^odd^. Then 
f(-x) = E(x) - 0(x) . Using tha^given. condition, we have 



f(x) • f(-») = E^(x) - 0^(x) = 1. HWe, E(x) = Jl + 0^(x) and 
f(x).=:Vl + e^(x) + 0(x), whexe- 0 is an arbitrary odd function. For 

example, ^ ^ ^ -j j^. 

0(x) = x , #) = >a > X + x; 

. ©"(x) = tan X , f(x) = sec X + tan x. 



21^5 
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AltematlVey, Let f(o) = 1 or -1 and^^let f(x) be an arbitre^ry 
• nonzero function; for x-> 0. .Then define 'f(ix) = for x > 0. 

a?his construction gives the entire class of .fiinctions satisfying the, 
given functional equation. * • i 

23. Prove that no periodic function other than & Constant can be a rational 
function. (Note: A rational function is the ratio of two- polynomial 
ftmctions.) . ^ " 

Our^proof is indirect. Assume'' that, there = exists a rational function 

P(x) /T, ^ i / 

Q(x7 ^> polynomials) ^ which has-'k period' m > 0. Let k denote 

' the value of the function at x =.a where Q(a) ^ 0. Now consider the 
^ ^ polynomial equation P(x) - kQ(x) = 0. ^ Thi^ polynomial vanishes for 
X = a + ran, n = 0, 2, ... . Since a polynomial of degree d can 
have at ftiost \ roots, we get a. contradiction; and thus our initial 
^ assumption i"s false. i - ^ ^ ' 



TC Al-2. Composite Functions- ' " ^'^^^'U }\ 

* ' V 

In the introduction to this section it is s\:^g.^6ted^ i^t^ the operatiol'W 
'composition for functions has no counterpart algeira ^^umbers. How- 

ever, the set consisting of all 6he-to-one mappings of the* set A 

onto it.self , wi^lij^operation of composition ^ the foUowing properties 
(ve denote ffie inverse of f by f""^ and the identity function by I ): 

(i) if g, h," £ P(A), 'then gh£>(A). * ' *^ « 

^^)^ . . (f.sXh. =.f(gh) for all f, g, h, £ R(A) . ^ 

(iii) fl = If = f £or aU f £ P(A). 

J^ii _^C^.= ^'V- - for all_f, £ P(A), _ , ^ - 

These are the postulates for a group.* Thus, P(A) shares the* same algebra'ic 
structure with the positive reals under' multiplication, with the reals under ' 
addition, and many other familiar groups. 

Group Postulates: » . . 

(i) A non-empty set* having closure with respect to an operation, 
(ii; Associativity. ' - 

(iiir The existence of an identity jelement. ' 
• *(iv) The existence of an inverse elemfent. . . , ' 
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" . * ' Solutions Exercises Al"2 

2 

Given that .f:x-^x.2 and g:x-«-x +1 for all real x, 
find ' ^ : * 











'(a) 


.f(2) + 


g(2) •= 


5. , 


(b) 


f(S) • 


gC2) = 


0. 


-(c) 


fg(2) 


3. 




(d) 


•gf(2) 


= 1. 






f( h 






if) 


f(x) . 


g(x) = 


x3 - 


. (g) 


■ fg(x) 


2 

= X - 


1. 


■ (h) 


•^f(x) 


2 

= X -» 


^Ux + 


If 


f(x) = 


3x + 2 


and 


(a) 


' fg(x) 


= f(5) 


= 17 


(b) 


gf(x) 


= g(3x 


+ 2) 



1 



f 

If f (x) = 2x + 1 and gtx) = x , find fg(x) and gf (x) . For what 
•values of x, if any, are « f g(x) and gf(x) equal? 

fg(x) = 2x^ + 1; gf(x) = l;x^ + l*x 4- 1. . 4 
' fg" = gf when 2x^ + 1 = l*x^ + iix + l', or 2x^ + l^x = 0, or * * 
X ='0, or' -2 . , i 



For* each pail- of functions f and g, find the composite functions fg 
and gf> and specify the domain .(and, range, if possible) of each. - , ^ 

' (a) ^f : X— ^ 



(b) f : X ^ ^ 



g : x< 



(c) ;f : x-^i 

2 

4d) f : X X ; 



(e) f : X 

(f) r : X 



-X ' 5 g 



2x - ^ 

g \ X - 4 

g : X — >- /x 
X — Vx 
X — ►-A - X 
; X — »-v^ 
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(a) 
(b) 

(c) 
(d) 
(>) 



2x - 6 



k - * 
-X - 1 



Domain 
x?^ 3 

X > 0 

X > p 

X < 4 
^ X > 0 



Range 

^\ 

y > 0 

y > 0 

y > 0 
y < -1 



X 



2 ^ 

X 



/I 



Domain 
X ^ 0 

X ^ 0 

jx> 0 
all X 
[-2,2] 



Range ^ 



I 



Not a real function 



y > 0 
y > 0 
[0,2] 



Given, that f(x) = x +3 and g(x) =Vx + 2, solve the equation 

fg(x) = gf(x). 



fg(x) = |x + 2| + 3 = + 5 ^= gf(x) 



if and only if 



X -fc l^x + ^+ 6|k + 2| + 9 = x^ + 5 or l^x + 8 + e\x + 2| = 0, whence 
Note: The use of "if and only if" requires absolute value. ! 



Altfrmatlvely ,' Solve x + y^: + 5 for t)ie..set of possible, solutions 
and then check the results irf the original equation. • 



Solve Problem. 5 taking' g(x) = Vx --2. 
No solutions. % - 



■1. 
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>7» De§cr4be functions f and- g such that' gf ; Will equal: 



(a) S(x ^2) - k 
•(b) I2X - 5)^ 



(c) -i 



2x - 5 • 



(d) :/x^ - k 

(e) (x**)^- 



f(x) = X + 2 
f(x) = 2x - 5 
.f(x) = 2x - 5 



f(x) 
f(x) 



x^-U 



fAl-2 



gCx) = 3x - U 
,g(x) = ,x3 
g(x)=;J' 

6(x) I 

g(x) = X . j 



answer is no¥*uni(5ue. A simple answer may be f(x) = x and g(x) 
function shown. The functions shown above are typical of those 




For each pa^]^ of functions f and ?ind the composite functions fg 
and, gf and specify the domain (and ra^ge, if possible) of each; Also, 
sketch' the ^graph of each, and give the period (fundamental) of those 
which are periqdic. 

(a) f : X— - |x|;, g fx , — ^sgnCx - 2) 

fg{x) !sgn{x^- 2)1 . gf(x) = sgn(|x| - 2) 



Domain: all reals; 
Range: (0,1) * 



Domain: all reals; 
Range: (-1,0,1) 



>- .... , 






^ — — ' 

1 • ■ — : 


- X 


1 2 



"1 



-2 



-1 



2 



\ 



> 1 
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(b) f J X—*- |x|j^ g : X -i- 2sgn{x - 2) - 1 ^ — 

fg(x) =, |2 «gn(x - 2) - l| gfCx) = 2sgn(|x| - 2)'- 1 



Domain: all re^ls: 
Range: {1,3} 



Domaip: all reals; 
^Range:' {1,-1,-3) 





y 




• 2 




— h 

1 2 

'-1 



+ 1. ^o- 



-r-t 
1 • 

t -2 ■ 

0 



9. What, cay you say about the evenness or oddness of the composite of an 



(a) even function of an even function? 

(b) 'even function of an odd function? 

(c) od^ 'function of an odd function? 

(d) odd function of an jgven function? " 



EVEN 
EVEN 
ODD 
EVEN 



lO., If the function f is periodic, whaHi can. you say about the periodic 

character of the composite functions fg and 'gf assuming these $xi&t, 
g is an arbitrary function (not periodic). Illustrate by examples* 



gf has the same jaeriTSd^ as" 
fg need not be p^iodic. 



laftd may havena smaller fundamental period. 



X sin X, 



period 2jt; 



gf X — ^ (sin oc) , 
2 

fg : X — ^ sin ^ , 



period it; ' 
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11. If the functions f and g are each periodic, then the coriiposite* func- 
tions ffe and gf (assiirned to exist) are also periodic. Can the period 
.of either one.be less than that of both f and g? 



Yes, If f(x) = sin jrx , and if g' is defined tiy 

1 , 0. < X <M 



e(x) 



4 




( 











s( 



-1 ^ 1 < 



X < 2 

and g(x + 2) = g(x), (g is called 
the square wave functioQ)% Then 
fg(x) = 0 for all X, and fg has 
any pejrioS p > 0. The period of 
gf is 2./ 



Since g(x + 2) = g(x) = g(x - 2) 
* g(x) 



, and 



'1, -1 < X < 0 
1, 0 < ,x < 1 
"1, 1 < X < 2 



• g(sin :tx) 
and gf has period 2. 



-1, -1 < sin jrx < 0 
1, 0 < sin-:rx < 1 
7I, 1 < sin^jrx < 2 



gf(x) 



•Al>-2 



12. A,se;juence a^, a^, ... is" defined by the equation 

* . : . an+i,= f(an^> n =^ 0, 1, 2, 3, . . . - 

where f is a given function and a^ is a given number. If a^^ = 0 
and , f : X 



^2 + X , then 



= tia^l = ff(aQ) = A + ^, 



J 



JShow that for any n, 
(a) a^<2- 



a, = f(aj = ff(aj = fff(a ) = + ^T^. 
3 2 1 ^ # 



By Induction ; 
for n =» 1 , 
. Assume"^ 

Then f 



\ = >^2 + a^ = V? < 2 . 

a < 2 for n =v k. 
n 



< 

< 2 



Q.E.D. 



The statement is true for n = 1. Suppose it is true for n = k. 



•Then 



2 - a 



1. = a, - 2 
2 - a,. 



k+1 " 2 + a 



'k+1 

2 - (2 %^) 



from which -Uie conclusion follows . 
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- ■ •' -\ ■ ' If * ■ ' ' 

13. « 

^^V? ^0 " ^' ^^^^ *n .^^ ^ function 

"of. li".*"!^ <n, for the following functions .f :. " , '• < 

■ (ML f*f X a + bx . • ' . 



a -^fCa.) = a Vb('a"+J3n) » ' ' 
^' *a s='.l(a \) = a ^ ab, + ab^ + ^^"^ + b^n 



(b) f : x-^ X 



a. = 



. to 



n-1'm 



(c) f^ 



f 6 ? 



• • • 

1/2'' 





a-Q = u 



1- = /l -' (1 - /) = Ul 



1^1 1 ' ana a 



2n+J. 



for n > 0. 
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] ' ' ^ ' * 4 ' 

TC Al-3 • Inverse Function^ ' - ' 

, Given any set A,' •a^-relation R on A is a rule which permits us to 
say for any pair (x,y) in A whether or not x has yzfrhas not the rela^tlqn 
R to y. If X has the relation R to y th^n V^rite x yj if not, • 
we write x )i( y. Thus for the relation^ < we have 1 < 2 while 2^1. The 
graph of a relation is the set of ordered pairs (x,y) for which x- R y. ^Thus 
the graph of the rela-^on < is the •set of points^ ajbove the line y = x. Con- 
aider tbe relation x R y if and only^if x + y =25. The graph of this 
relation is the circle of radius 5 with center. at the origin. 

We haye defined the inverse (^,a function only when the function 
^is^ one-to-one. Moreover, we have reqbired that the domain of the 
inverse of f be the range of f . Thus, although sin(arcsin x) = x 
for all X in the domain of arcsine, sine is not the inverse of 
arcsine (i.e., arcsin(sin x) = x is not true for all x) . For 
these* reasons it is essential that the definition of a function^ 
ca^^ with-it the' domain of the function. Thus the functions 

."^"^'f X sin X ' . I ^ X < I « ' 

g : X sin X X t R ' ^..^^ 

are distinct, even though we may (by a convenient abuse ^of language) 
, call them both by the same name, sine. 

The situation thatf^e have just described applies generally. Giveti any 

function f there is a function g, defined on the range of 'f, satisfying 

fg(x) = X for each x in the range of f . We simply require' g : x — any 

preim^e pf x (one must exist since x is in the range of f). Other ^ - 

authors sometimes *desigf5ate, g as a" right inverse of f and f as a left 

inverse of The one-to-6neiiess of f is equivalent .to the requirement 

that f has, both a right and left inverse or the requirement that f has a^^ 
* 

^unique rights inverse . . 
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-• , Solution^ \Exerelses Al-'^ 

f> * ■ ■ ' .'- 

^1, What is the reflection of the line y = f(x) = 3x the line y =^ x? 
Write an equatiort defining the. inverse , of f. 

^ * X * 

X = 3y or y = - , • 

2, ' Which point>s are their own rei lections in tne line y = x? What is the 

graph of all such points? ^ . ^ 

t 

Ihose pdints with ordinate equal to abscissa. The 'graph cis the line 
, y = x;. ^ • 

3. (a) Find the slope of th;5 segment from (a,b) to (b,a)/ and prove 

that fhe segment is perpendicular to the line' y = x. 

Slop0 of line from (a/o) to (b, a) is ' "* - 

. a - b 



b - a 



= -x; 



* Slope of y = X is 1. 

•/ ' ' ' 

Since, product of slopes -1^ the lines are perpendicular, 

0 

(b) Prove that the segment^ from (a,b) to (b,a) 'is bisected by the 
-line ' ' y - X . 

Let the point of intersection be (x,x); then 

/(a - x)^ (b - x)^ = /(x - b)^ + (x - a)^. 

4. V/hat is the reflection of (l,l) ' in the line^ 



' • (a) x = 0? 




(b) y = 0? 


. (1^-1) - 


(c) y = -X? 


(-1,-1) 


' (d) y = 2? . • 


^'(1,3)-. 


(e), k = -3t / 


' •(-7,1) 


• > 
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5# Describe any function or fanctions you can think of which are their own 
inverses. . « < • ' 



Any function whose graph has y = x as an axis of symmetry; e»g», • 
f(x) =x, c-x, V 



X for 0 < X < 1 , 

6. ^ An*'equation or an expression (phrase) is said 'to be symmetric in x and 
y if the equations or the expressions remain Unaltered by interchanging 

X and y; e.g., x^ + y^ = 0 x^ + y^ - 3xy, |x - y| = |x +' y|, 

X - xy ,+ y , It follows that graphs of symmetric equations are symmetric 

about the y = x 'line. 

Geometrically, we can ccoi^ider the line y = x behaving as a mirror, 

i.e., for any portion ox the graph there must^ also be a portion which is 

the mirror image T The equation 

k ^ k h 
X + y = a 

is obviously symmetric withc^espect to the line y = x. What other axes 
of symmetry J^mirror type) does it have? ^ 

The X . and y axes and the line y ?= -x, (No,te: The graph is not a - 
circle •) ^ 



7« The expression 

is obvioui 
a ^and c 



ion I- 

a,+ b+ |a-b|+2c+|a+b+Ja-b|-2c| 
is obviously symmetric in a and b. Show that it is also symmetric in 




e have to show that 
a + 



b + [a-b|+2c+|a + b+|a-b|-2c| = c+ b + lc-b|+2a+lc+b+|c-b|-2a[ 
[sider the -six 
(1) a > b > c. 



Consider the -six'^.^ossibLe- order relations 
' (2) a > c > b, 

\ * 

(3) b > c > a,^ etc, , 
For (1) and (2) we have ^^a = 4a; for. (3), 4b = 4b; and similarly' 
for the other cases. ^ 

- , i . ^ 

Another solution follows by noting that the given expression is also 
• . Vmax/a,b,c}. ^which is obviously symmetric in all three letters a^ 
b , . c, as well as 'any pair. 



8. Find* the inverse of each function. 



(a) f : X 3x +-6. . ' g : x v^. , 



■ (b) f : X x3 - 5 c. x;.-*; jx^t 5)^/^ 

. (c) f ,.x ^ I - 3. [ ■ . X,-* ^ 

9/ Which of the follc^wing function's have inverses? Describe each inverse by 
'means of a graph or equation and give its domain .and range. * 



(a) f : X -^^x- Has no inverse. 

2 



(b) f : Vx ' g : X — ^ x Domain and range: all 

nonnegative real numbers* 

(c) /f : X -^.|x| . Has no Inverse, f 

(d) ' f : x,^-»- [x] Has no inverse. 

(e) f : X x|x| g>: x — /jx]* sgn x 

. 

Domain and range: all 
real numbers. 

(f) ^ ^ sg" ^ . ' ' no inverse. 
^ ' » • 2 

10. As we have seen, f : x — ^ x for all real x does not haVe an inverse. 

Do the ^following: ♦ / . 

2 ' 2 
Oa) Sketch graphs of f * ^ ^ x > 0 and f ^ : x x for 

X < 0, * and determine the inverses of f^ and f'^* 

Wha^ relationship^ exists among the danains of f, f^, and f^? 
' (f^ is^ called "the restriction of f to the domain {x ; x > 0), 
and fg is SjLmilarly the restriction of f to the domain 
• ■ {x:x50).) " ^ / 
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Domain of f = Domain of U' Domain of f^ 



(a) . Sketqh a graph of f : x — 
an inverse/. 



X and show that f does nQi.ha*\ce 




Each image (except 2) has' 
two preimagesx hence, f , 
does pot have an inverse. 



(b) Divide the domain of f into two parts such that the restri'<i«i3p; P?" 
to either part has an inverse. 



AT? 



Domain = {x : 0 < x.< ^1 - 
Domain = {x : -2 < x < 0) 
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•V. • . ^ 

13 • Given that f(x) = 3x - 2 and g(x) = -2x ^ k, find k such that 
fg(x) = gf(x). For 'this value of. k are f and g inverse to one 
another? Give reasons for your answers. " . 

f 

^o. 3(-2x + k) - 2 =: -2(3x - 2) + k only tor k = 3; 

X ^ fg(x) = -6x + 7 = gf(x) = -6x + 7^ X. 

The composition of two functions which are inverses 'is always the 
identity function, which is not the caSe-here* 

lU. Show that f : "x --^ x^ - l^x + 5 ' for x > 2 and g : x 2 + V« - 1 
for. X > 1 are inverse to one another by ahowi^ig that fg(y) = y for 
all y "*in the domain of and that gf(x) = x for all' the 

domain of f . 

fg(y) = (2 + ^fr^^ - i*'(2 + v^r^ + 5 = y, y > 1; 

gf(x) '= 2 + /x^ - Ux + 5 - 1 = 2 +-^(x -.2)|p2 +|x-2|=x, x>2. 



15. If f (x) = (2x^ + -l)^, . find at least two functions g such-4hat 
fgCx) = gf(x). 



One solution for g will be the inverse function of f or 

3 * * * 

g(x) = ^ . other simple solutions are g(x) = x and ' 

g(x) = k( constant) where k = f(k) = (2k^ + l)^* This equation has at 
least one negative real roo%# 
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TC Al^l*. Monotone Functions ' ^> ^ 

i ^ r 

, Exagiplie Al"i^b' > The comments (TC Example A2-lb) aboui the existence of a 
square root apply equally well to the existence of n-th roots. The same idea 
provel the existence of n-th roots. Thus, let A be thtf^et of nonnegative 
numbers whose n-th power is, less than p. Since 0 e A and p + 1 is an 
upper bound for A, A has a least upper bound s. For h < 1 * 

I • 



(s + h) = s + h 2^ (j^)s h 



/n^^n-^k ,.k-r 
k=l 

< + h(n + l)!s" 

<s" + h(n + l)l(p + 1)^ 



and 



- ■ • . - k=l 

/ n 

■ > s - h (j^)s h (-1) 

k=l-, 
k odd 

J > s" - h(n + l)!(p + 1)". ' ' - 

Thus, in TC Example Al-lb we can have neitjier s < p nor s > p, Th^re- 
fore s = p. 

\ 

As stated in the text, 

f : X — ^ x^, n an odd natviral number, 

is a one-to-one function for all real x^ , and hence its inverse 

* n ' * 

t S • y~*" ^* an odd natviral number; 

is one-to-one for all real y. This raises notational problems. Since we 
write, for example, -3, it is customary td^rite ^^y^ = -y for 

all real y,. In Chapter 5, however, . fractional exponents are introduced, 
and we define a^/^ only for a > 0. Thus we write ^-/y' = y^^^ only for 

y >o. • * 



I:, 



.One reason for this restriction is that^it j^res^rves the lavs of eji^onents, 



in particular 



.m\n 1^ mn 



Otherwise, the following ambiguity wpul(/ arise: , 



i 



and 



There is an alternative way of Refining the inverse of 



f : X x"^ =,y, for all^real**' ^ and y, 
which you may .wish to consider. If 

3 " 



then 



X = (sgn y) 
For example ^S'if ;x^ = -8 , then 




\ yV^ if y >K 
|y|-^/2 if y < O; 1^ 



•x (-1) Vr^= -1^81^3^= .2, 



W^ do not write (-8)-^/^, 



/ 



Solutions Exercises Al-h - _ 

1. Prove that f : x — x for x > 0 is a strictly increasing function. 
(Hint: Let x^ > x^ > 0; then x^ - x^ > 0. From this show that 

, > x^ ,) ^ ^ 



> x^ > 0 



+ x^ > 0 and xt - x^ > 0 



2 2 
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2, -Vhich of the following functions are decreasing? increasing?* \ 
decreasing? striptly increasing? In eacli.case the domain is the set 
of real niunbers unless otherwise restricted. 



1 ^\ 


^1 • 


X c,, c a 


constant 


Increa8"ing and decreasing • 


{^) 


d 


X X 




Strl^ily increasing 


(c) 


3 


|x| 




Not monojone. 


(d) 




x^[x] 












1 


Increasing, 


(e) 




X sgn x^ 




(f) 


o 


2 

X-*- -X , X 


< 0 


Strictlv increaslncr. 


(g) 




X -VX, X 


> 0 . ' 


Strictly decreasing. 


(h) 


f n : 
8 


X x|x| 




QUI ^L.Li^ ^ucrcasxng>« 


(i) 


f : 

9 


X-»- X + |x| 






(J) 


^10 


: X |x| + 


Jx-l| ^ 




(k) 


^1 


: X |x - 1 


1 + Ix-3| 




(i) 








■ Not monotone • 




X ^f^'fi^Cx) 




(m) 


\ = 


X — t^^f3U) ) 





3. For each function in Problem 2 which , is not monotone, divide its domain 
into parts such thai the restriction of f to any of thes^ parts^ gives 
a monotone or strictly monotone function. 



(c) X < 0 and 
(jO X < 0 and 



iic)~"x < I and 



X > 0. 

X > 0 or X < 1 and x > 1. 
X > 1 or X < 3 aM . X > 3, 



(i) X < 0 and^ x > 0. 
(m) X < 0 and x > 0 . 



Se^ footnote in Al-4. 
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We are given that the function^ - ' 

^ is increasing, ^ ' , " , ^ 

' fs strictly increasing, 

^ ' . " g, is de^yeasing, ' 

^ is strictly^ decreasing, , 

in a common domain. What is the monotone character/ if Biiy, of 
foUowing^ functions; t, . " ^ 



(a) 


^1 


+ 


'2' 


(b) ' 




+ 




(c)- 




+ 




(d) 








(e) 


^1 


• 




(f) 


^2 




gp 


(g) 








(h) 








(i) 


f f 



MJ) 



f f 



(i) g^i 



2> 



(m) g^gg, / 




Strictly increasing. 

Not necessarily mbnotone, 

, Strictly decreasing, ^ 



Not necessarily monotope, 

/ 

Increasing. 
Decreasing." , 



I Increasing. 
I Decreasing, 



TCAl-5* Polar Coordinates ' , 

^scartes introduced oblique axes gs w'ell as' perpendicular -axes. "-The . 
only reason that, rectangular coordinate axes a^re' preferred to oblique axes 
(at an angle 0 < e < ^) is that tlie formula expressing th^ distance 
between points would become more complicated (by involving 'the familiar Law 
of Cosines) . ^ 



1 

^ Solutions Exercisgs>Al-^ 



1. Find all polar coordinates of each of the following points: 



(a> (6,f) = (^4+ 2n:t), ( -6 , J + (2n > l):t) . 1 . 

(b) (-6,J),= (-6,J+ 2mr), ( 6 , J + (2n + l):t] . 
^(c) (6,- fy = (6',- J+ 2n:t), (-6,- J+ (2n +'l):t). 

: . . (<3) .(-6,,-'J} =.(-6,- J+2n.r),-(6,-|+(2n + l):t), 

2. Find -rec^ngiilar Coordinates of th^ points in Number 1. 

(a) (6,f) ^{3^,3^ 
- ,(b) „(-6.,f) = (-3^,-3v^ ' 

(c) (6,-1) = (3>^,-3v^ • ' 

; '(d) (-6^/- f) . (.3>^,3^; < ^ ^ 



^ 5. Find^polar coordinates*' of each of the following points given in rectangu 
leer coordinates: • * ' • 



(a), =.(lfv^, - J+ 2nK) ^ • 

-(.b). (- = (3,f +'2n:t) 

, : ('c)° (-2,-273)'= (l|,^ + 2nK) • 
(d),.^.(0, -10) ^(10 , ^ + 2ot) • 
*■ (e) (r3,0) = (3 , C2n + l)«) 
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(r)^ (-3, It) =>*C-5 , arcsin y +*Sna^ or (-5 , (ar(itan«- |) > 2njt) 

(g) i-^.l) = (2,^+ 2r«) / 

(h) - (V2 , = (2 2n«) ' / 

/ * 

Given the cartesian coordinates (x,y)' of a ycDint, formulate unique 
polar coordinates (r,0) for 0 < 0 < :t. (Hint: use arccos - .) 



2^2 

+ y , arccos 



/2 ^ 2. 



Determine the pclar coordinates of the /3 vertices of an equilateral 
triangle if a side of the triangle has .length L, the centroid of the 
triangle coincides with the- pole, and pne angular coordinate of a verte:t 
is 0. tadians. / ^ - 

Iv^ • / 'J 

The centroid is at the intersection 
of tlie medians. ' / 

■ r r ■ ■■/•■^ 

- • L = — L = distance vertex 

# 

from centroid. 

Coprdipates of the"^ 3 '^vertices are: 




0 = C 



?ind equations, in polar coordinates, of the folloYing» curves; 



{&) yk = c, c a constant^ 



a constant. 




(f) - 



2 2 
y =• a s 



r cos 0 = c 
r sin 0 = c 

r(a cos's + b sin 0) = c 
r = 2k sin 0 



2r 2* 

r ' sin 0 = r • W cos 9 



or r = 



ha cos 0 
1 - cos^0 



2 2 
r cos 20 = a 



267 



27S 



^ 1. Find equations, in rectangular coordinates^ of the following curves: 



(a) r = a, 
\(b) r sin*e = -5. 
■ (c) r^ = 2a isin e. ^ 



(d) r = — 



cos e • 



(e) r = 2 tan.e. 



2^2 2 
X + y =s a 



y = -5 



^ t (y - a)^ « a^. See Number 5(d). 



i VxTy^ -«x = 1, 



2 ' 2 2 
X"^' + =r X^ + 2x + 1, 

y^ = 2x + 1 , 



12^1 



2 2 k^ri 



: 2 

X 

X + xy -4y =0. 



or 



or 



Derive an equation in polar coordinates for conic sections, with a focus 
at the pole and directrix perpend icxilar to the polai^axis and p^ units 
to the right of the pole. 



= — - = e 

p - r coa 9 , -\ 



r(l + e cos e) = ep 



r = 



JR. 



1 + e cos 6 * 




(P,0) 



directrix 



Repeat Number 8 if the directrix is parallel to the polar -axis and p 
units jabove the focus 'at the pole'. i 



p - r sin 6 



r ^ 



ep 



1 + e sin 0 



(P 



f2^ 



(r,e) 




directrix 



(0,0) 



0 = 0 
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10. Repeat Number 8 if the directrix is parallel to thepolar axis and p 
units "below the focus at the pole* • ' 



r = 



_e2_ 



1 --e sin 0 



11. Discuss and sketch each*of the -following curves in polar coo^Sinates: 
^ ^ 1 J cos 0 ■ - . ^ ' ■ 



Since e = 1, the graph is a parahola and its directrix is 8 -units 
. to the leTt of the pole. ' ' 




12 



^1 - 3 Gos B 



Since e = 3 the graph is a hjtoerhpla with its directrix h units 
to the left of the pole. 
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* 

(a) r 



16 



16... 



5 + 3 81* e - 1 ^. I 0 
5 



16 



Since 6 = 1-, the graph is an ellipse with its directrix -r- units 
above the pole. 




(e) r sin 8 « 1 - r or r = YTlt^ 



\ 



Since e = 1, the gra^h iA\arabola-with-its -directrix one unit, 
abovje the -fi'ole . ^ 



12 • Ceiijain types of symmetry of ^urv§s in polar coordinates are readily 
detected; For exan5)le, a curve is symmetric about the pole if the 
equal^ion is unchanged when r is replaced by -r. What kind of 
symmetry occurs if an equation is unchanged when 

' (a) e ,1s replaced by -e? < , 



Symmetric about the polar eixis. 



(b). e is replaced by n - ek 



Symmetric about the line 0 = I* • 



(c) r and G are replaced by -r and -0, respectively? 



Symmetric about the line 6 = ^ • 



(d). 9 is replaced by ;r + 0? ' 



Symmetrise about the pole. 



13. Without actually sketching 'the graphs, describe the syimnetries of the 
graphs of the following "equations:' 

(a) r^ = sin 20, - . - . ^ 




Symmetric about the pole. f(0) ^ f(0,+ ;r). 
Two lines of symmetry* can be demcmstrated , 
the lines, ^ = ^ and " ,^ 

k sin ^(J - 0) = 4 sin 2(J + a), ' 

(Earlier, it was shown sinC^- + ^c) = sinCf - x)) 

"I- I 

and k sln.2(--| + 0^ = 4 sin 2(- f - ©X, 
Since sin(- | + 0) = -sin(| - 0).* 



Cb) . r(l - cos 0) = 10 



SiVice- f (0> = f(-^), symmetric about the polar axis. 
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(c) r-'«!*cos 26 



r 



't 



Since f(0) =-f(-0), Bytmnetrip about polar axis. 
Since f(0) = f(n - it is symmetric about the line 0 = :r'. 

Since cos(x + = -cos x,, and this angle is 20, and the cos \ 
is squfiire'd, the lines Q =^ and ^ = ^ a^e axes^of symmetry,. 



l4. Sketch the following curves in polar cioor/i'nates: 
\ (a) r = a0 



2 
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(d) r a 8in^ 0 cos^ 9 
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!?• In-fiach of the following, find all points of intersection of the given 
^ pairs of equations. (Recall that the polar representation of a point 
is not uniqup.) 



(a) r = 2 - 2 sin 0, r'='2 - 2 cos 0. . 
sin ^ = cos 0, 



tan 0 = 1 



e 



\ 



PoW.s'^e (2 - , J) and (2 + ^ and since' r\ in each ^ 

equation equal 0,^ the point tO;0) is common to both (fd[r;"\ 
different f ) . ' / \ 



, (b) r'^= -2 sin 20, r = 2* cos 0. 



"2 sin 20 = -4 sin 0 cos 0 =2 cos 0 



sin 0s.- or 



cos 0=0 



e-'f.^ or 0=|,f • . 
' (0,|)> (0,^) and* (-v^,^),^v/3,i|i) 

(c\^r =,lt(l + cos 0), *r(l cos 0) = 3 
Ml + cos"0)(i ^7r&^ 0) =i 3 

1 - COS^ 0 = ^' 
= J , sin 0 = t 4' 



2 - 
sin"" 9 




„ _ It 2n It-Jt 5jt 
3' 3 ' T' 3 

(6,|), (2;f), 




Te^cher*s Commentary 
Appendix 2 
POLYNOMIALS 

» # 

Solutions Exercises A2-1 



^Eliminate a^ by subtraction in pairs obtaining 
^ i-3a^' - Ja^ + = +1 



Eliminate a. 



Then 



.Since +«a^ = 



12 



+2a- +'12a- + 56a^ = +2. 

1 d 5 t 



Kag + 128^ 
6a^ + It2a2 



-13 
10. 



-728^ =.-33 
, 33 : , 11 

- * 72 2ir 



11 11 ^ 37 
2 12 2? 2K 



Filfally, = 3 - 



-382 - 7a2 -' It 



= ^ [3.37 -■ 7^1 - h 
62 31 /• 



2K. 12 



^3 = ^ 



160 20 
3 



Jt.2lt] 



g «(x . 2) (x . U) + ^{x + ]^x(x - k) + ^x'+ l)x(x - 2) , 



x(x - 










Ji 






xU - 




6o 




x(x - 

on 





1, V, 



'5 
20^^ 



T J, 

4 



= ^ C(x - l*)(-x + 7) + (x +''l)(x -2)1 
= [lOx - 30] = |(x,- 3) 



Answer: Z ~ 

Check: '(0,0): = 0 

■ ..(2,".lj; 4^=.-.l. , 
(-1,2), (0,-1)/ (2,3)' . 




, g(x) = gj_(x) + s^(.x) + 82(3:) 
^ - itx •- -3 



i:heck: g(-l) = 2 
' 'g(o) = -1 
■ g(2) = 3 
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» * ' ' goiutions Exercises A2-2 • . ^ ' ' 

1. (a) and (b) are unsta,ble; (c) , (d) , and (e) ar< stable. ' 

2. (a) -1 of multiplicity two, and 2. 

3rd degree sum of multiplicities is 3* ^ ^ 

(b) '1, of multiplicity two, and, -2. 

3rd degree — 'sum.of multiplicities ,is 3» • 

(cV -1 tof multiplicity three, and ' . . . ' ' 

» ' \th degree — sum. of mxiltipU pities is 

3. (a.) 1 of multiplicity two, -2' of multiplicity thr^e. • 
' • (b) "l 'of ;nultiplicity three, -72 of multipl'icity two. 

The solution set is, .(;i,-2) for both equations. ^ 

^» (a), (b), (c), (d) are not closed, as shown by the following list of 
expressions: i ' . • • ^ 



(a) 2x - 1 = 9 has a root not an integer- • < 

(b) X - 2x - 2"" = 0 has roots which are not rational^. ^ 
(cV X t 1 = 0 has imagi^iary roots. . • ^ \ 
Id) ix i IS 0 has a real root. 

(e) is closed. (There is a theorem which establishes ty.s fact.). 

. !So far. as the specific examples, are concerned, V «-l* and ^/T are 
\ II 6 ' " o 

- solutions of X + 1 ^ 0 ,and x +1 = 0^ respectively/ In eiich case, 

-•the Fundamental Theorem -of Algebra guarantees the existence pf a complex 

zero. If . thr stu4ent is familiar '^with De Moivre's Theorem, he will know 

how to obtaift^ respectively, 'Your and six complex-number solutions. Mor 

generally, any root of a compl^^ number ^ is ^ complex* number. It is eve^ 

the case t^t <all complex powers (or roots) of complex n^bers are c(M^1 

-numbfer^. Hencif, "super-complex" .numbers ar^ unnecessary. (See Feh^^ 

Howard F. , Secondary Mathematics , A Functional Approach for Teqch^ , 

D. C. Heath, 1951.) • ♦ ' , ' * 
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♦ ' ^ goiutions Exercises A2-2 ; 

1. (a) and M are unstable; (c) , (d) , and (e) ar< stable. 

2. (a) -1 of multiplicity two, and 2. ' . > * 

3rd degree — sum of multiplicities is S"* ^ . ' ^ 

(b) a. of -multiplicity two, and, -2* 
' . 3rd degree --*sum.of multiplicities is 3* • 

(cV -1 •of multiplicity three, and ' 
» \th degree — sutn.of mult ipU pities is h. 

3. (a.) 1 of multiplicity two,' -2 of multiplicity thr^e. 
• • (b) 'of ;nultiplicity three, t2 of multiplicity two. ^ 
The solution set is, .i;i,-2} for both equations, ^ 



(a), (b), (c), (d) are not closed, as shown by the following list of 



expressions: i , - \ . ^ 



(a) 2x - 1 = has a root not an intQ^r>. ' >i 

{t) - ^ - 2^ = 0 has roots which are not rational^. ^ 

2 * * ^ J" • 

(c)- X ±1 = 0 has imaginary roots. . • ^, ^ ' \ 

Id) ix M- i = 0 has a real roQt. . .. 

(e) is closed. (There is a theorem which estfiblishes tMs fact.)* 

' 5« So far. as the specific examples, are concerned, and are 

\ k 6 * " (y ^ 

— - solutions of X +1^0 »and x +1 = 0^ respectively.^ In efech case, 

» *' • ✓ - ' 

••the Fundamental Theorem -of Algebra guarantees the existence a complex 

zero. If .thr student i^ familiar 'with De Moivre's Theorem, he will know 
how to obtain^ respectively, 'Your and six complex-number solutions. More 
generally, any root of a complex number j is complex* number. It is eve^ 
the case t^t <all complex povers (or roots) of complex ^jmbers are coyiple 
-numbfer^. Hendf, "super-complex^.-numbers ar^ unnecessary. (See Fehy^ 
Howard F., Secondary Mathematics , A Functional Approach for Teqch^ , 
D. C. Heath, 1951-) ' ' • ' , ' ' 
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1-. Tx - .{a+ (2 - DOEx - i][x - {3 ''2i)][x - (3 + 2i)] 



'.. , (x^, - .W + 5)(x '- l)(x'^ - 6x + 13) 
"ix* - ICa? + l+Sx^. - 82x + 65) (x I 1) 
ilx** + 52x^ - 12l+x^ + ll;7x -.65 



^^^e caefficient of x i4 -11. ''.The si^ of the reros is 
-.(2 (2 V 1} + (3'-^i) + (3 + 2i) which is U., 

• The sum is the negative of the coefficient of x . The constant term 
is -65, The product of thef zeros is (2 + i),(2 - i)(l)(3 - 2i)(y+ 2i) 

• - Y • ^ *^ • 

whicfe is *65^ The product is the negative of the constant term. 



2^', (aj' X ->x (2 + 3i) 



2 - 3i 



•(b) X ->fx-f (2 3i)^[x - (2 - 3i)] = [(x -.2) - 3iJ[(x'- 2) 3i] 



• -1+1 Vl5 ' -1 - 




) i, -i> -21 ' \^ 



(e) 1 of multiplicity two, 3i, -3i * • 

(f) -1, i, -i, each .of multiplicity ^ two. ^ ' * ' 

(^X %y 6ac^ of multiplicity two. Note tha't these roots are the 

negatives of the roots. in (f), a§ woyld be expected from ins]&ection 



of the twQ<equations 




•c 



( 



V 



I 

1 , 
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•yslng eithejr of the proofs of Theorem A2^ka as .a mod^l, two proofs be 
shovn. Only one is 'given here. ' * * , v. • ' 

Given:'* f (a +'bt^ = 0, a and b are rational num1?ers,. b (?. ^ 
To prgve:" :f(a - « 0 ' •. ^ ^ 

Proof: Let p(i) = [x - (a + b>^][x - (a - b>^] ' / I ' 

= [(x - a) - b'vfi[(x' - a)- + b^] . 
• = (x - a)^^ 2b^^ ' ' ■ ^ ' > 

The coef/'icierits of p(x) are rational.' If f(x) is divided by pCx) 

we -get a quotient q^x) and a remainder r(x) = hx + k, possibly of ^ 
degree 1 (but no greater), where h, and ^1 -coefficients of-' 
q(x) are rational. THhus) ' • ' 

f(x7,^= p(x) •q(x) + Jbc k. 

This is. an identity in x.' By hypothesis, f(a + hi/2) = 0, and from 
p(x) abovQ p(a > h'/2), = 0, so we get ' ' * 9\\ ; 

' ^ 0 = 0 + ha + hb>^ + k. ' ' . . 

If lib is not zerp, 'we get 

^ = ' ^ , wher^/h, a, k,. and b 

hb * 7^ • 

are rational, which is impossible. . . So hb = 0, and 'since b ^ 0, h 
must equal zero, and as a consequence k, must equal z^ro^ Therefore j 

, f(x) = p(;x) • q(x). 
Since p(a - ^ 0, it foUo'ws that f (a ^- bi^ = 0. 

x^-^,[x . (3 + 2V5)][x - (3 - 2v^],-.x^ 6x +^1 ' 

For a + b>^, the proof given in the answer -to Exercise) 5 wi^l be 
correct if ^ Is substituted for / . ' , - 

. For a + bVIT there is no comparable theorem sincj&,'the.root is ^ 
rational and'^jbhere is no conjugate surd. If a 'proof like that in: 
Exercise 5 is attempted, . it break§.down at the step ' % • 

-ha - k * ' . ' ' ^ 



hb 



If \ is substituted. for 2, both sides are rational and the contra^i^- 
^tlon needed in .the proof does not appear. ' ' 
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f : X -»x - lOx +1 (The zeros of the function are, + -i^, 

and -li ♦ 1^, and .-VJ - -H.) i . . ^ 

(a) ^ tl) Degree 2 * , (x -» x^ - 2^ x + 3) 

(2). Degree 2 (x''-»}c^ - 2x + 3) ' ' 

• (3) Degree 2 ' • (x -» x^ t 2,^ ,x + 5) ^ 

{b) (1) Degrpe H . ' , (jc x** -2x2 ^ , » , 

(2) Degree; 2 - .{^x -^x^ - 2x + 3) * , ^ 

(3) Degree 4 (x + 2x^ + 25) . - 



^?ree 4 

(Solution for pirt (l) o/^ ! 
onl^ the zero i + ^ i 



(a) and (^)). A polynomial function having 
f : x--»x.- (i + Tl)is function-has ^ 

imaginary coefficients, but we can obtain from it a function with real 
coefficients, as follows/ Writ^ the equation x - (i^+ >^ = 0 ^the 
form X - V? = i. Now square/both membe^^ and rearrange the terlns to * 
obtain the equation • , ."^ ' * 



2i^ X + 3 = 0* 



This is thj equation corresponding to jthe function given as the answer to 
-part (1) of fa). It has real coefficients. If we now write this, .equation 
in the form^ x -k 3 = 2i/? x * and again' square both members, we obtain the 
equation x - -2x + '9 0 with rational coefficients. From this we have 
the answer to part (l) of (b) . 

An altei'native procedure for the two parts of this question depends 
upon recogft^fion of Ihe fact that if t + 1^ is a zero of a polynomial 
function with^real coefficients," then the comi)lex conjugate A ^ ^ is 
also a zero of the function. Hence, the function of minimum degree having 
the zeros i + 1^ and -1 + -will be the answeV -t<5 'p^rt (l)*of (a) , 
To obtain a -function of minimum degree with rationa^oef^icients, the * 
additional zeros »i - 1^ and -i' - ^ must be introduced'. Hence, the 
function will b^ of Hth degree and^viU have the zeros 1 + i^,- -i + V?, 
i - V^, and -i This is the. function given as the'answer to part 

.(l)of(b). 
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